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Abstract 

Given a in some set S of total (Haar) measure in T = R/Z, 
and A £ C°°(T, »S'L(2, R)) which is homotopic to the identity, we 
prove that if the fibered rotation number of the skew-product system 
{a, A) -.Tx SL{2, R) ^ T x SL{2, R), (a, A){9, y) = (9 + a, A{e)y) 
is diophantine with respect to a and if the fibered products are uni- 
formly bounded in the -topology then the cocycle {a, A) is C°°- 
reducible -that is A{-) = B{- + a)AQB[-)^^ , for some Aq E 5L(2,R), 
B G C°°(T, 5*1^(2, R)). This result which can be seen as a non- 
pertubative version of a theorem by L.H. Eliasson has two interest- 
ing corollaries: the first one is a result of differentiable rigidity: if 
a S S and the cocycle {a, A) is -conjugated to a constant cocycle 
{a^Ao) with Aq in a set of total measure in 5'L(2,R) then the con- 
jugacy is C°° ; the second consequence is: if a £ S is fixed then the 
set of A £ C°°(T, 5*^(2, R)) for which {a, A) has positive Lyapunov 
exponent is -dense. A similar result is true for the Schrodinger 
cocycle and for 2-frequencies conservative differential equations in the 
plane. 

1 Introduction 

In the following paper we shall be interested in smooth quasi-periodic 
cocycles on T x SL{2, R) where T denotes the circle R/Z (the base) 
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and SL{2,'R) the set of 2 by 2 real matrices with determinant 1 (the 
fibre). Such cocyclcs arc by definition diffeomorphisms on the product 
T X SL{2, R) of the form 

{a, A):Tx SL{2, R) ^ T x SL{2, R) 
{e,y)^{e + a,A{e)y) 

where a G T and A G C°°(T, 5^(2, R)). Our aim is to understand 
the dynamics of {a, A) that is the iterated diffeomorphisms (a, yl)"', 
n G Z. Notice that this amounts to understand the quasi-periodic 
products (n > 1) 

Ani-) = A{- + {n-l)a)---Ai-) 
y4_n(-) = A{- - na)-^ ■ ■ ■ A{- - a)-^ 

since for n G Z one has {a,A{-))"- = {na,An{-)) 

The general definition of a quasi-periodic cocycle can be done along 
the same lines by replacing the group SL{2, R) by any other group, 
T by T*^ and by taking a in T'^. 

1.1 Understanding the dynamics 

There arc at least two ways of understanding the dynamics of "generic" 
{a, A) (we use the word "generic" in a very vague sense) . 



1.1.1 Reducibility 

The first one is to (try to) conjugate (o^.A) to a simpler system e.g a 
constant one. By this we mean that wc try to find a cocycle (0, B) 
with B G C°°(T,S'L(2,R)) and a constant Aq G S'L(2,R) such that 

{a,A) = {0,B)o{a,Ao)o{0,B)-\ 

which is equivalent to the following equality for all ^ G T: 

A{9) = B{9 + a)AoB{0)-\ 

In that case the dynamics of {a, A) is perfectly understood since for 
every n G Z 

ia,Ar = iO,B)oia,AoroiO,B)-\ 

In case the base is the circle and the fibre is the group SU{2) of 2 
by 2 unitary matrices with determinant 1, this attempt to understand 
the dynamics of {a, A) proved to be succesfull. Unfortunately the 
situation is more complicated in the S'L(2, R)-case due to the fact 
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that fibered products are not always bounded (Lyapunov exponents). 
Nonetheless when the fibre is the group SL{2, R) there is another way 
to understand the dynamics of the cocycle of {a, A) in a looser sense 
(cf. section 1.1.2 Lyapunov exponents). 



1.1.2 Dynamical invariants 

The rotation number Let us denote by the set of vectors of 
of euclidian norm 1 and by tt : R ^ the projection 7r(x) = e^'^*^ 
(we have identified R^ with C). Assume that A{-) : T SL{2,K) 
is continuous and homotopic to the identity; then the same is true for 
the map 

F : T X ^ T X 

A{e)v , 



{e,v) ^{6 + a, 



\\A{e)v\\ 



and therefore it admits a continuous lift F : T x R — > T x R of the 

form F{9,x) = {6 + a,x + f{e,x)) such that f{e,x + 1) = f{e,x) 
and Tr(x + f(9,x)) = A{9)TT{x)/\\A{9)Tr{x)\\. In order to simplify the 
terminology we shall say that F is a lift for (a, A). The map / is 
independent of the choice of the lift up to the addition of a constant 
rational integer p € Z- Now, since 9 ^ 9 + a is uniqiicly crgodic on 
T, we can invoque a theorem by M.R. Herman and Johnson-Moser 
(cf. [7], [6]): for every {9,x) G T xYi the limit 

^ n— 1 

lim -J2fiFHd,x)), 
n— >±oo n 

k=0 

exists, is independent of (9, x) and the convergence is uniform in {9, x); 
the class of this number in R/Z (which is independent of the chosen 
lift) is called the fibered rotation number of (a. A). Moreover Pf{a, A) 
is continuous with respect to A. In fact for any F-invariant measure 
iLt on T X 

p = [ f{9,x)dii{9,x). 

As we shall see this rotation number is also almost invariant by 
-conjugacy. We recall that the first homotopy group of SL{2, R) is 
isomorphic to Z with generator Fi(-) 



V0GTFi(6') 



cos(27r6l) -sin(27r6')\ 
sin(27r6') cos(27r6') ) 



Then a continuous map B : T ^ 5L(2,R) is said to be of degree 
r G Z if it is homotopic to Fr(-)=Fi (•)''. It is equivalent to say that 
B{-)Er{-)~^ is homotopic to the identity. 
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Proposition 1.1 If A : T ^ S'L(2, R) is continuous and homotopic 
to the identity and if B : T ^ SL(2, R) is continuous of degree r, 
then 

Pf{{0, B) o (a, A) o (0, B)-^) = pf{{a, A)) + ra mod 1. 

Proof 

We first consider the case when B is homotopic to the identity. 
With the previous notations there exists a map .ff : T x R — > R 
which is a hft for {0,B). Consequentely H o F o is a Hft for 
(0, B) o {a, A) o (0, B)~^ and it is clear that 

PfiiO, B) o (a, A) o (0, B)-') = pfiia, A)) mod 1. 

Now if B is of degree r G Z then it can be written B{-) = Er{-).B{-) 
with B{-) homotopic to the identity. It is then enough to check the 
proposition for Er{-) in place of B{-). But in that case it is not difficult 
to check that a lift for (a, E^{- + a)A{-)Ej.{9)~^) is given by 

G{e, x) = {e + a,x + f{e, x-re) + ra). 

If we define g{9, x) = f{0, x — rO) + ra and if we call and fk the 
fc-th Birkhoff sums of g and / respectively along G and F, a simple 
computation shows that 

gk{0, x) = kra + fkiO, x-r0), 

which gives the conclusion of the proposition since the convergence of 
the associated Birkhoff means to the corresponding rotation numbers 
is uniform. 

□ 

Remark 1: when 

• B{-) is only defined on R/2Z and the degree oi 9 ^ B{29) is r 

and at the same time 

• B{- + a)AoB{-y^ is defined on R/Z 
a similar result is true: 

PfiiO,B) o (a, A) o (0,S)-i) = Pfiia,A)) + ^a mod 1. 

(Use the fact that pf{a,A{-)) = pf{a/2,A{2-))). 

Remark 2: when Aq is a constant elliptic matrix conjugated to 

/ cos 2-Kil} — sin 27rip\ 
\sm 2'K'^ cos 27r'0 ) 

(V' £ R) the fibered rotation number of (a, Aq) is ip mod 1 
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The Lyapunov exponent It is defined as the limit 
Xia,A) := lim - [ Log 

which by Kingman's subbadditive theorem always exists (similarly the 
limit when n goes to — oo exists and is equal to X{a, A)). Moreover, for 
almost every 6 £ T with respect to the Haar measure, the following 
limit exists and is equal to X{a,A): 

lim -Log\\An{9)\\ 

n— >c» n 

exists and is equal to X{a,A). Now, when the Lyapunov exponent 
is positive (non zero) Oseledec's theorem tells us that for Lebesgue- 
almost 9 e T there exists a splitting 

which is invariant by {a, A) which means that: 

• i) E%e), E'^{e) (viewed as elements of P^B?) are measurable 
with respect to 9 and 

• ii) for almost every 9 

E''''{9 + a) = A{9)E''''{9)- 

• iii) for almost every 9 and every v G E^{9) (resp. v G E^{9)) we 
have 

lim — Log ||^„(0)?;|| = — A (resp. lim — Log ||^„(^)f || = A) 

n— >oo n n— >oo n 

This is the meaning we give to "understand the dynamics" in that 
case though it is abusive. 

As we shall see later this two approaches (via reducibility and 
Lyapunov exponents) are in fact complementary. 



1.2 The local situation 

The link between reducibility and the two dynamical invariants we 
have introduced is understood at least in the local situation, that is 
when A{-) G C°°(T, SL{2, R) is C°°-close to some constant matrix Aq. 
One has to make some extra-assumption namely that the frequency 
vector on the base satisfies some diophantine property. We shall say 
that a G T'^ satisfies a condition CD{^,a) {'j,a > 0) if there exist 
constants K and r > such that 

VA;GZ'^-{0}, min|A;a-Z| > 
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Moreover if p is in T we say that p is diophantine with respect to 
a if 

1/, ^ 1„ 

If there exists ko such that 

P=^{ko,oi) mod ^ 
we say that p is rational with respect to a. 

Theorem 1.1 Let a G T'^ fixed and satisfying a diophantine condi- 
tion CD('y,a). Let also Aq be in SL{2,'R). Then there exists eo > 
and So € N such that for any A{-) G C°°(T'^, SL{2, R)) satisfying 

ll^(-) -^ollc-o < eo 

the following is true: 

i) If, pf{a,A) is either diophantine or rational w.r.t to a then 
(a, A) is C°° -reducible in R/2Z (i-c there exists a smooth B : R/2Z 
5^(2, R) such that B{- + a)~^^(-)S(-) is constant). 

ii) Moreover, if pf{a, A) is diophantine w.r.t a then the conjugacy 
can be chosen so that it is defined on R/Z (this changes the value 
of Aq). This is also true if {a, A) has bounded fibered products and 
Pf{a,A) is rational w.r.t a and in that case Aq = ±Id. 

In a continuous time set-up (differential equations) and for Schrodinger 
equations with analytic potentials this theorem, the proof of which is 

based on a KAM scheme, is due to L.H Eliasson (cf. [5]) but the proof 
in the general case is the same (local results in other groups are also 
true; see for example [9], [11]). 

To complete the picture in the local situation we give the following 
theorem: 

Proposition 1.2 Any (elliptic) constant Aq in SL{2,'R,) is C°°- accumulated 
by functions A{-) G C°°(T, 5^(2, R)) such that {a,A{-)) is hyperbolic 
(in the fiber). 

Proof 

We can assume that Aq is a rotation matrix R^. Now let e > 
and s G N be arbitrary and consider G Z such that 

min 16 — ka\ < -. 
lez ' ' ~ 2 

We then have ^ 

\\R<I> — RkaW < 2' 
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and also if we set B{9) = R-ue, 

B{e + a)RkaB{e)-^ = Id. 
Now choose H a hyperbolic matrix in 5L(2, R) such that 



\H-Id\\< ' 



20|fe|*' 
and define 

A{e) = B{e + a)-^HB{e). 
A simple calculation shows that 

e 



■20|fe|*' 
and therefore 

\\A{-) - AoWcs < e, 
while {a,A{-)) is C°°-conjugated to a hyperbolic system. 



□ 



2 The main theorem and its corollar- 
ies 

The main theorem (A+B) of this paper is to provide an extension of 
Eliasson's theorem to the global case. Since we are dealing with a 
non-perturbative situation {A{-) is no longer close to a constant) it is 
not surprizing that we have to make an extra assumption. 

Theorem 2.1 (Main theorem A) There exists a sei S of total Haar 
measure in T (for the definition of T, we refer to section 3) such that 
for any fixed a G S and any A{-) G C°°(T, SL{2, R)) satisfying 

• A{-) is homotopic to the identity, 

• pf{a,A) is diophantine w.r.t a and 

• the fibered products of A{-) are -bounded i.e: 

supmax < oo 

kez 

then {a, A) is C°° -reducible on R/Z- 

The case of cocycles non-homotopic to the identity is also interesting: 
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Theorem 2.2 (Main theorem B) If a G S and A{-) G C°°{T, SL{2,K)) 
is such that 

• A{-) : T SL{2, R) is of degree r G Z - {0} and 

• the fibered products of A{-) are bounded 

then {a, A) is C°° -conjugated on R/Z to a cocycle {a,Er{-)) where 

, , _ /cos(27rr6') - sin(27rr6')\ 
'■^^ ~ Vsin(27rr0) cos(27rr0) ) ' 

The boundedness assumption on the iterates of the cocycle is of course 
very strong, but surprisingly enough the theorem still has some very 
interesting consequences. The first one is a differentiable rigidity the- 
orem 

Corollary 2.1 (DifTerentiable rigidity) Given a G there ex- 
ists a set Aa of matrices in 5L(2,R) which is of total Haar mea- 
sure such that for any Aq & A the following is true: if for A{-) G 
C°°(T, 'S'-L(2, r)) the cocycle (a, A) is C^-conjugated to the constant 
cocycle (a, Aq) then the conjugacy is C°°. 

Proof 

Let us call B G C°(T, S'L(2, R)) the corresponding conjugacy so 
that for every 9 E T 

B{e + a)AoB{e)-^ = A{e) (1) 

Up to a set of Haar measure zero (corresponding to parabolic matrices) 
there is basically two cases to consider: either Aq is hyperbolic and 
the result which is a consequence of the (uniform) hyperbolicity in 
the fibers is well known; or Aq is elliptic, and we can assume that its 
fibered rotation number is diopliantinc w.r.t a (this is a total Haar 
measure condition in the set of elliptic matrices). The hypothesis 
of Main theorem A are then satisfied. Therefore there exists B G 
C°°(T, SL{2, R)) and Aq such that for every 6' G T 

B{e + a)AoB{0)-^ = A{9). (2) 

We can assume (we just have to make a conjugacy by a constant 
matrix in S'L(2, R)) that Aq is a rotation matrix of angle pf{a,Ao) 
The rotation numbers of (a, Aq) and (a,Ao) satisfy 

Pf{a,AQ)=pf{a,Ao)+ra modi 

where r is the degree of {B)~^B, so that there exists P G S'L(2, R) 
such that 

io = PErie + a)AoEr{e)-^P~^ 
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with P e S'L(2,R). Consequently, if 

D{e) = B-\e)B{e)PEr{e) 

(1) and (2) show that 

D{e + a) = AoD{9)A^\ 

and using Fourier coefficients 

(Ad(Ao) - e2^^*^°/d) .D{k) = 0. 

But since p(Aq) is diophantine w.r.t a this means that D{-) is constant 
(hence C°°), and B is then C°°. 

□ 

Question: Is corollary 2.1 same theorem true if B is only assumed 

to be or L°°... 

The second application of theorem 2.2 (A+B) is maybe more strik- 
ing and concerns density of systems having positive Lyapunov expo- 
nent. Questions concerning positivity of Lyapunov exponents are usu- 
ally difficult and most of the time deal with perturbative situations 
and with particular one-parameter families (see for example the very 
nice paper [2] to have an idea of the difficulty involved in that kind 
of problems). We emphasize on the fact that our theorem is non- 
pertubative. 

Corollary 2.2 (Density of positive Lyapunov exponent) If a G 

S is fixed, then there is a dense set of A{-) in C°°{T, SL{2,'El)) for 
which the fibered Lyapunov exponent of {a, A) is positive. 

Proof 

We refer the reader to the appendix for the notion of complex 
rotation number and its properties. For z G D — {0} we define 

z-U 
2i 

When z = e"^ G 9D we denote by i?^ the corresponding matrix Cz', 
it is in SL{2, R) and it is a rotation matrix. The complex fibcrcd 
rotation number w{z) of {a,Az{-)) where Az{-) = A{-)C{z) satisfies: 

• &) z ^ ■w{z) is holomorphic for z G D — {0}; 

• b) for Lebesguc-a.c. /3 G , Rew(e*^) is the fibered-Lyapunov 
exponent of (a, A(-)i?^). 



z-z-^ \ 
2i 

z+z-^ j 
2 / 
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• for all /3 G 5D, Imu;(e'^) is the fibered rotation number of 
{a, A{-)Ri3) and is continuous w.r.t /?; 

• c) if Rettj(z) = a.c on an open arc of 3D then w{-) can be 
holomorphically extended through the arc and then 



(the iterates of {a, A) are C°-bounded); 

• d) if ^(•) is homotopic to the identity and c) holds then on the 
open arc where Rett;(-) = 0, lm.w{-) cannot be constant. 

So given (q, A) we consider (a, A{-)Rf^) for /? in an arbitrary small 
interval {—6,6). Either there exixts /3o G (—5,5) for which the Lya- 
punov exponent of (a, is positive and we are done, or the 

iterates of (a, A) arc C^-bounded (cf. item c)). The same is also 
true for the iterates of {a,A(-)R^) for any small e. At this point we 
distinguish two cases: 

• i) either A(-) is homotopic to the identity: and by item d) the 
map e i— lmw{e^^) is never constant on any interval centered 
at and continuous. Therefore one can choose e small enough 
so that the fibered rotation number of (a, A{-)R^) is diophantine 
w.r.t a and moreover the iterates of (a, A[-)Rf:) are C°-bounded. 
The Main Theorem A then applies and proves that {a,A{-)Rg) 
is C°°-conjugated to a constant elliptic system on R/Z. Now by 
proposition 1.2, arbitrarily C°°-close to A{-)R^ there are systems 
with positive fibered Lyapunov exponent. 

• ii) or A(-) is of degree r G Z — {0}: and we know from the Main 
theorem part B that {a,A{-)) is conjugated to {a,Er{-)). But 
now using a result by M. Herman (or an improved version by 
A. Avila and J. Bochi) see [7], [1] for any matrix D G 5*^(2, R) 
arbitrarily close to the identity and which does not commute 
with the rotations EriO), the Lyapunov exponent of (a, Er{-)D) 
is positive. We now conjugate back to find a system (a, A(-)) 
with positive Lyapunov exponent, A being as close as we want 
from A{-), to conclude the proof. 



Let y : T ^ R be a smooth function. We introduce the Schrodinger 
cocycle {a,Av{-)) where 



supmax ||^„(0)|| < DO 
nez ^'eT 



□ 
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Corollary 2.3 (Schrodinger cocycles) IfaET, is fixed, the set of 
V : T ^ H for which {a,Av{-)) has positive Lyapunov exponent is 
C°° -dense. 

For a proof see section 11. 

The preceding resnlts for discrete cocycles have a counterpart for 
differential equations. Given u : R^/Z^ s^(2,R) a smooth function 
and a G R we introduce the differential equation on R^/Z^ x SL{2, R) 
GRVz^ X 5L(2,R)) 

J X = u{e)x 

{ ^ = (l,a) 

Also if i; : R and if 

u{e): 

we call this O.D.E a Schrodinger (or Hill) equation with potential v. 



-1 

v{e) 



Corollary 2.4 (Differential equations) If a e T, is fixed, the set 

o/n : — s/(2, R) for which the previous O.D.E has positive Lya- 
punov exponent is -dense. Also the set of v : R for which 
the corresponding Schrodinger equation with potential v has positive 
Lyapounov exponent is C°° -dense. 

Proof 

We just give the proof of the first part of the corollary (the proof 
of the second part goes along the same lines). Let us denote by 
the flow of the differential equation on x SL{2, R) which is of 
the form: Z\0i,92,y) = {9i + t,92 + ta, Z\9i,e2)y). We introduce 
A{9) = Z^{0,9) which is clearly defined on T. To say that has 
positive Lyapunov exponent is equivalent to the same statement con- 
cerning {a, A). The theory of the complex rotation number we have 
mentionned is available in the ODE context (see [3]) and preceding as 
in the proof of corollaxy 2.2 we can assume by contradiction that A{-) 
has bounded fibred products and diophantine rotation number w.r.t 
a and hence is C°°-reducible. This means that there is a complex 
section a : T — > C^ — {0} and a real number p such that 

A(-)a(-) =e2^^^(7(- + a). 

We now extend the section cr(-) to the torus the following way: for 
{xi,X2) G R^ we define: 

a{xi,X2) = e''^'^^^^''Z^^{0,X2 - axi)a{x2 - axi). 
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This function is clearly smooth and 1-periodic in X2- Let us check that 
it is 1-periodic in x\: 

a{xi + 1,X2) = e-2''*(^i''+'')Z^i+^(0,X2 - axi - a)a{x2 - axi - a) 

Z^{0, X2 — axi — a)a{x2 — axi — a) 
= e-2''*''^iZ^i(l,X2 - axi)a{x2 - axi) 
= a{xi,X2). 

Also by definition we have 

Z\ei, 92)a{9i, 92) = e^'''Pa{9i + t,92 + to). 

The fibered flow {t,ta, Z^{-)) is then reducible which means that for 
some B : t"^ ^ SL{2,K) and Uq G si(2,R) one has {{iOi,L02) := 
(l,a)): 

2 

iJ2 uJideMGiM)B{9i, 92)-^ + Ad(S(0i, 92).Uq = U{9i,e2). 

i=l 

and it is not difficult to see that there are abritrary C°°-small pertur- 
bations of Uq that make the fibered flow (l,a, hyperbolic 

□ 

3 Z^-actions and renormalization 

Actions Assume we are given a Z^-action ^ on R x 5'L(2,R); 
we denote the action of (n, m) € on (t, y) G R x SL{2, R) by 
{n,m)j[.{t,y). We say that the action ^ is a fibered 'Zp'-action if for 
every (n, m) G Z^ there exist a real number 7jf^ and a smooth map 
D^,^ : R SL{2, R) such that 

V(t, y) G R X SL{2, R)), {n, m)^.(i, y) = {t + -fn,m, D^,m{t)y)- 

When all the maps D"^^^ are constant maps, we say that the action 
A is constant. Two fibered Z^ actions A, A' are said to be fibered- 
conjugated (or /-conjugated or for short conjugated) if there exists a 
smooth map 5 : R — *• iS'L(2, R) such that 

V(n, m) G Z^ (n, m)^/ = (0, B) o (n, m)^ o (0, B)~^ 

that is if 

D^;^{t) = B{t + 7;^^)I?;:^„.(t)S(i)-^ 

A' A 
in,m in,m 
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A fibered action is said to be reducible if it is conjugated to a constant 
action. 

There is another notion of conjugation (we shall call d-conjugation 
to avoid confusion with /-conjugation): if //,A G R with A / we 
define the dilatation 

L\.{t,y) = {Xt,y), 

and the translation 

T^.{t,y) = {t-fji,y). 

If we define 

V(n, m) G (n, m)_4/ = L^^ o (n, m)^ o Lx 

we get 

Bases If (ei, 62) is a basis of the Z-moduIe 7? any other basis is of 
the form (aei + 6e2, cei + de2) where the matrix 

(: 

We say that a fibered action A is normalized if 

{l,Q)A.{t,y) = {l,Id).{t,y) = {t,y). 

We have the following proposition the proof of which is similar to that 
of [10] Proposition 4.1: 

Proposition 3.1 Every action is conjugated to a normalized one. 

Also, if there exists a basis (61,62) of the Z-module 7? and a 
smooth map -B : R — ^ SL{2, R) such that simultaneously 

(0, B) o ei^A o (0, B)-\ (0, B) o e2,A o (0, B)-^ 

are constant cocycles then the action A is conjugated to a constant 
one. 

Module of frequencies For further purpose we define the module 
of frequencies of the action A as being the sub Z-module of R gen- 
erated by 7^,7^ which is the same as the one generated by 7;f,7^ 
where {u,v) is any other base of Z^. We denote it by M^. The 
half frequency module \Ma will be important later. Notice that if 
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A= {0,B)oAo (0, B)~'^ then M4 = M^. Moreover since : R ^ R 
is an isomorphism and Lx : M_4 we can define an isomorphism 

of Z-module h : R/M^ ^ R/M_^ (and also h : R/^M^ ^ R/^M_^). 

We say that an element /9 G R is T-diophantine w.r.t to the half 
frequency module if there exist a basis (ei, 62) of and a con- 

stant K > such that for any {ki, ^2) € - {(0,0)} 

1 1 K-^ 



2 2 -^=2'- (|A;i| + |A;2|)-- 

Notice that if this holds for one basis (61,62) then it holds for any 
other basis (the constant K has then to be changed). 

Example, link with quasi-periodic cocycles If ^, C : R — > 

SL{2, R) satisfy for every t G R 

C{t + a)A{t) = A{t + l)C(i) 

one has 

{l,C)o{a,A) = {a,A)o{l,C) 
and one can define the fibered-Z^ action ^ on R x SL(2, R) by 

{n,mU.{t,y) = {l,Cr o {a,Ar.{t,y). 

We shall then write A = {{l,C),{a,A)). Notice that when C{-) = Id 
the map A{-) is automatically Z-pcriodic. 

In particular if {a, A) is a quasi-periodic cocycle with A : R/Z — >■ 
SL{2, R) and a irrational one can define the fibered Z^-action on 
R X S'L(2,R) defined by 

{n,mU.it,y) =(1, Id)" o (a, ^)-(t, y) 
= {a,Aro{l,Idnt,y). 

The notion of reducibility is illustrated as follows: The action A = 
((1, C), (a, A)) is reducible if there exist Ao,Co in 5L(2,R) and a 
smooth map -B : R — ^ SL(2, R) such that simultaneously 

Cit) = B{t + l)CoB{t)-^ 
A{t) = B{t + a)AoB{t)-^. 

Solving one of these two equations (for example the first one) is an 
easy task (at least in the smooth category), and in that case one can 
even choose Co = Id: this is proposition 3.1. 

The link between reducibility of quasi-periodic cocycles and re- 
ducibility of fibered actions is just the following trivial but funda- 
mental observation: the quasi-periodic cocycle (a, ^4) (defined on T x 
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S'L(2, R)) is reducible if and only if the action A = {{l,C),{a,A)) 
(defined on R x 5L(2, R)) is reducible. 

Since every Z^-action can be normalized, the reducibility problems 
for cocycles or for actions are equivalent. 

Renormalization The gain in proceding so is that one can per- 
form new operations namely: 

• change of basis: given an action ((1,C), {a, A)) and a matrix 

(: 

one can look at the action A defined by 

(n, m)j^ = {an + bm, cn + dm)^; 

• d-conjugacies 

• /-conjugacies 

Continued fraction expansion We refer to [14] for a more de- 
tained exposition of the following facts. 

Define as usual for < a < 1, 

oo = 0, ao = a, 

and inductively for A; > 1, 

Ofe = [ak\], ak = cxk\ - flfc = G{ak-i) = {^—}, 

where [ ] denotes the integer part and G(-) the fractional part (the 
gauss map). We also set, 

k 

f3k = Ylaj, 

3=0 

Po = gi = ai 
go = 1 Pi = 1, 

and inductively, 

Pk = akPk-i + Pk-2 
Qk = Ofc^fc-i + qk-2- 
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Then, we have the fohowing useful relations, 

Vfc>2, (3k-2 = akPk-i + Pk, (4) 

VA; > 1, QkPk-i - qk-iPk = (-1)'', (5) 
and for all A; > 0, 

Pk = {-l)H<lka-pk), (6) 

^ < < J-, (7) 



Qk+l + Qk Qk+l 

h = • (8) 

We state a classical lemma wich will be useful later: 

Lemma 3.1 Let k > I >0 and assume to simplify that 2\k — I. Set 

mi m2\ _ /^O 1 \ /O 1 
m3 1714 J \} -akj \l -ai+i 

Then mi,m4 > 0, 1713,1712 < and 

ImA \m2\\ / 1 \ Pl- 



insl \mi\J \akj l3k-i \ai 

If 1 = then 

^mi m2\ ^ fpk-i -Qk-i 

,m3 mj \-Pk Qk 

Proof 

If we take the inverse we get 

m4 -m2\ ^ / ai+i 1\ f Ok l\ 
-ms mi J \ 1 Oj "'\l Oj' 

and this matrix has non negative coefficients. To conclude just observe 
that 



The second part of the lemma is also classical and checked by induction 

□ 
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The set E If 7 is a positive number and cr > 1, we define the set, 

7-^ 

C£)(7, a) = {ae R/Z, VA; e Z - {0}, min \ka - l\ > j—}. 

These are classical facts that if 7 > is fixed, such a set is of positive 
Haar measure on T^, that this measure goes to 1 when 7 goes to 
infinity and that the union, 

is of total Haar measure. We shall fix cr > 1. Since the map G : 
(0, 1) — > (0, 1) preserves an absolutely continuous measure m (the 
Gauss measure 1^)5 we have, provided 7 is chosen large enough, 

m{CD{j, a) n G-\CD{j, a))) > 1 - m((^, \] n G-\{^, \])), 

(since the set in the right hand side has positive m-measure) and 
consequently the set Si equal to 

{CD{j,a) n ((1/5), (1/4)]) n G-\CD{j,a) n ((1/5), (1/4)]) 

is of positive m-measure. Since G is m-ergodic, the set S of a £ (0, 1) 
such that for any iV G N there exists k > N ioi which G''{a) G Si, 
that is for which 

{ak,ak+i) e (CL»(7,(7)n(^,^])2, 

is of total m-mcasurc and hence of total Lebesgue measure (since m 
is absolutely continuous). 

Notice that for any a such that ccfe G CD{'y, a) PI ((1/5), (1/4)] one 
has Ofe+i = 4 where ak = G^{a). 

3.1 Degree and rotation numbers of q.p.f Z^- 
actions 

In this section we intend to define the notion of degree and of rota- 
tion number of a q.p.f Z^-action. Given such an action A, there is a 
corresponding action on R x 

(n, m)A : {t, x) ^ {t + 7;^^, /;^„(t, x)). 

For each (n, m) G Z^ we can lift (n, m)^ to R x R 

(n, m)^.(t, x) = it + 7;^^, X + d^„,{t, x)) 
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and we have 

Notice that the map dl^^{t, x) is not uniquely defined, every other hft 

being of the form d^„j + kn^m where A;n,m can be any rational integer. 
Notice also that since for each fixed t the map x ^ f{t, x) is of degree 
1 (these are homographies) , a lift x + d-^^^{t,x) enjoys the property 

<m)(^'^ + l) =<m)(*'^)- 

Degree Assume (ei, 62) is a base of the Z-module z'^ and set 
(eiU = (7i,C(-)), (e2U = (72,A(-)). 

In order to simplify the notations we define 

c{t,x) = dej^{t,x), a{t,x) = de^itjX) 

Fc{t, x) = (ei)^(t, x) Fc{t, x) = {e2)A{t, x). 
Since (71, C(-)) and (72, ^(•)) commute we can say that 

deg(ei, 62) = {ao Fc + c) - {co Fa + a) 
= {ao Fc- a) - {co Fa - c) 

is a constant rational integer which does not depend on the choice of 
the lifts for a, c 

We now show that |deg(ei,e2)| does not depend on the choice of 
the base (61,62). Since GL(2, Z) is generated by the matrices 

it is enough to check the following three equalities: deg(— ei, —62) = 
— deg (61,62) and 

deg(ei, 62) = deg(-e2, ei), deg(6i, 62) = deg(6i + 62, 62). 

If we introduce the notation a^~^^ = d-ej, one sees that 

a o F-^ + a(-i) 

is a constant rational integer and hence 

deg(ei, -62) = (a o F'^ + c^"^)) - (c^-^) oF^ + a) 
= aoF-^ -co F'^ + coF-^ oFa-a 
= {coFa + a)o F-^ - (a o Fe + c) o F'^ 
= -deg{ei,e2), 



18 



(we have used the fact that Fa and Fc commute) which proves the 
first equahty. The second one is obtained the same way: 

deg(-e2,ei) = (c o F'^ - c) - (a^-^) o F, - a^-^)) 

= (c o - c) - (-a o o Fe + a o F'^) 
= (c o F-i - c) - (-a o Fe o F-^ + a o F'^) 
= [-(coF„-c) + (aoFc-a)]oF-i 
= deg(ei,e2). 

Similarly, up to some integer additive constant 

<+e2 =aoFc + c 

deg(ei + 62, 62) = {ao Fao Fc- a) - ((a o Fc + c) o F^ - (a o Fc + c)) 
= c — coFfl — a + aoFc 
= deg(ei,e2) 

and the third equality is satisfied. 

We can thus define the degree of the action A as being | deg(ei, 62)!. 
Notice that if the action is normalized ((1,0)^ = (1,/ci)) we recover 
the usual notion of the degree of a map R/Z — SL{2, R) (up to the 
sign) . Notice also that if one allows only changes of basis of determi- 
nant 1 then the absolute value is not needed. 

Lemma 3.2 The degree of a q.p.f action is invariant by conjugation. 
Proof 

Let us first consider the case of /-conjugacics. Let us denote by 
A' the conjugate action by (0, B) that is (n, m)_4' = (0, B) o (n, m)^ o 
{0,B)-K We denote d = d^J, c = d^/... Take a lift {0,b{t,x)). Then 

deg(^') = (a o Fc - a) - (c o Fa - c) 

and using the fact that up to some integer constant 

d = boFaO F^^ + ao F^^ - bo F^^ 

c = boFcO F~^ + c o F~^ -60 F~^ 

and the fact that Fg = F5 o Fc o FjJ"^, Fq = F;, o F^ o F^~^ wc get 
after some calculation (and the fact that Fa,Fc commute) the desired 
conclusion. 

The case of d-conjugacies is treated the same way. 

□ 
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Rotation number We assume in that section that the degree of 
the action A is zero. With the previous notations this imphes that 
the fohowing equality holds 

a o Fc + c = c o Fa + a. 

We introduce the set M Leb of measures on R x that project on the 
first factor to Lebesgue measure on R. We claim that there exists a 
non trivial invariant measure € MLeb defined on R x invariant 
by Fa, Fc since any q.p.f Z^-action can be normalized (and thus we are 
reduced to the classical case of the existence of an invariant measure 
for a diffeomorphism on a compact space). If 71,72 arc real numbers 
and / is a real valued map defined on R x we introduce the notation 

Jt2f ^ f+/[tl,t2lxSl fit,x)dti{t,x) if h < t2 

l-/[t2,ti]xsi /(*'^)^/^(*'^) if ti>t2. 
Notice that for any ti,t2, is 

Also, since fi is invariant by Fa, Fc we get 

It'J o Fa = lllXlf, Illf o Fc = lllXlf. (10) 
We then define 

rot^ (61,62) = /^"a- Jj"c. 

Notice that if we choose other lifts for a,c this number changes by 
the addition of an element of Z7a + Z7c which means that we can 
define the element rot^(ei, 62) as an element of R/ikf4 where A is the 
module of frequencies of the action A. But if we do so the rotation 
number is only defined up to the sign. It is hence more convenient to 
introduce its class modulo {1/2)M_a the half frequency module. We 
now check that its class does not depend on the choice of the base 
(ei, 62) by proving like in the previous section 

rot^(6i, -62) = -rot^(6i, 62) mod M^, 

rot^(-e2,ei) = rot/,(6i,62), rot/,(6i+e2, 62) = rot^(ei, 62) mod M4. 

Let us check the first equality, that is, using the fact that a^^^^ = 
—a o mod Z and that ji projects to Lebesgue measure on R 

rot^(ei, -62) = I^'a^-^^ - I'^^'^c mod 
= -r="'^"a + 7°^ c mod 

la la 

= 7° (c - a) - /J=~^"a mod 
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and since 

a{t) — c{t) = ao Fc — CO Fa 

this gives 

rot^(ei, -62) = -i:^:-^^a + /J-^c - iJ^-^-^a mod 
= -rot ,,(61,62) mod Af4. 

For the second equality the computations are the same: 

rot^(-e2, ei) = /q'^^c - /J^a^^^^ mod 
= -l\ c + a mod 

= l\ (a - c) + Jj'="^"a mod 

and since 

a(t) — c{t) = ao Fc — CO Fa 

this gives 

rot^(-e2, ei) = ^l_^^a - Ijv + P^^-^'^a mod 
= rot^(6i, 62) mod M^. 

Similarly 

rot^(6i + 62, 62) = /J" (a o Fc + c) - I^'^^'^a mod 
= Ij" c + a - mod 

= rot (61, 62) mod Mj,. 

The previous computations show that we can define rot^(^) in R/^M^. 

We now investigate the behavior of this rotation number with re- 
spect to conjugacies. 

Lemma 3.3 // /U G M-Lebi^) and A= {0,B) oAo (0, is an f- 

conjugated action then fl = (0, i?)*/Li is in Aiicbi-^) '^'^d the following 
equality holds m R/ ^M_4 

rot^(^) = rotfi{A). 

Also if A = LxoAoL^^ is a d-conjugated action then /x = {l/X){Lx)*n 
is in MLeb{^) o-'f'd the following equality holds: 

Tot^{A) = /A(rot/i(^)), 

where Ix : R/5M4 —>■ R/^M^ is the map we have already defined. 
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Proof 



Denote by b a lift for B, d, c lifts for (0, B) o (7^, A) o (0, B)~^ and 
(0, B) o (7c, C) o (0, B)-^. We have modulo Z 

d = boFaoF-^ + aoF-^ + b'^-^\ c = boFcoF'^ + co F'^ + 6^-^) 



a = (6 o F„ + a - 6) o c={boFc + c-b)o F'^ 

and modulo ^M^: 

rot^(^) = rot^(^) + I^^b o Fa - I^^b - I^^^b o F, + 



using formulae (10) we get the result. The second part of the proof is 



We can now prove that rot^(yl) does not depend on the choice 
of the invariant measure ji G -M-Leh- Any q.p.f Z^-action A can 
be normalized which means conjugated to an action A such that 
(1,0)^ = (l,/(i) and the measure fi thus obtained is invariant by 
(1, Id). Therefore it defines a measure on R/Z invariant by the diffeo- 
morphism {6, y) 1-^ (6'+q;, A{9)y) where (a, A) = (0, Since the de- 
gree of a q.p.f Z^-action is invariant by conjugation, and since we have 
assumed the degree of A to be 0, the degree of A{-) : R/Z SL{2, R) 
is also 0. But in that case rot^(^) coincide modulo an clement of 
with the usual notion of fibered rotation number modulo (1/2)Z, 
which does not depend on the choice of the invariant measure. Con- 
sequentely rot^(^) G R/^M4 does not depend on fi. 

As a corollary: 

Lemma 3.4 For actions of degree 0, the rotation number is invariant 
by conjugation. 



3.2 The algorithm 

Let A e C°°(R/Z, SL{2, R)) and let A the corresponding Z^-action. 

U = Uo = (1,0U = (hid) = i{a,Ar-^ o (l,/d)f-i)(-i)" 
V = Vo = (0, lU = (a, A) = {ia,Ar o (l,/dr)(-i)°, 



that is 



obvious. 



□ 



and for k > 1, 




(11) 
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We have just performed a change of base. 

We can replace in the above construction A{-) by A^' — v) [v G T"*") 
and we shall then denote Uk,Vk by Ui.(i'),Vk{i'). 

It is clear from (3) and (6) that, 

where, 

(we have used the notation {a,A{-))"' = {na,An{-))). 
Finally we set, 

Vk = l^^l^oVkoLf,^_^ = iak,A('^\-)), 

with, 

Aik)^t) := A^''\Pk-it) := A^''\Pk-it). 



4 Rough estimates 

Given a smooth map u : T —>■ SL{2,'R) we define 

Lu{t) = {du{t)){u{t))-^ 

which is s^(2, R)-valued. 

For 7 G C°°(t\sK2,R)) we define its C'=(T) norm (where A; > 
is some integer) by, 

and we shall make an extensive use of the so called convexity inequal- 
ities (or Hadamard inequalities): For < j < k, 

ll^,7llo<Cfe||7|i;"'.||7ll!, (12) 

where Ck is some positive constant depending on k. 

The next simple proposition is one of the key observation in our 
way to the proof of the Main Theorem (see also [12]). 
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Proposition 4.1 If m, . . . ,un & C°°(T, SL{2, R)) then, 

L(ui ■ ■ ■ un) = Lui + Ad{ui).Lu2 + • • • + Ad{ui ■ ■ ■ un-i)-Lun-, 
and, 

N 

d{L{ui ■ ■ ■ un)) = ^ Ad(ui • • • Ui-i).d{Lui)+ 

i=l 

+ ^ [Ad{ui- ■ ■Ui-i).{Lui),Ad{ui- ■ ■Uj-i).{Luj)]. 
l<i<j<N 

Moreover if 

sup ||tti • • • ttill < M 

l<i<N 

then for any integer r > we have the following inequality, 
WL{ui ■ ■ ■ un)\\o < CrM'-+'^ml+\l + m^)A^^+\ 

where, 

mo = max IlLtiJIo, nir = max \\d''(Lui)\\o- 
l<i<N i<i<N " ^ 

0<k<r 

Proof 

The first two formulae are obtained by simple computations. In a 
similar way it is possible to give analogous expressions for the higher 
derivatives d^{L{ui ■ ■ ■ un)), which using the fact that < CM 

and the convexity inequalities (12), gives the last inequaUty. 



□ 



We define 

7fe(i) = ^(C«)(0, Vkit) = HAC^^m, 

and 

5 Simple geometrical facts 

We denote by sl{2, R) the Lie-algebra of SL{2, R) that is the set of 2 
by 2 matrices with real coefficients of the form 

X y + z 
y — z —X 
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where x,y,z G R. We shall often denote such a matrix by {x,y,z}. 
The quadratic form 

q{{x, y, z}) = det({x, y, z}) = -x^ - + z^, 

is invariant under the Ad-action of 15-^(2, R) that is 

g(Ad(^).{x, y, z}) = qiA{x, y, z}A'^) = qi{x, y, z}), {A e SL{2, R)) 

and the same is true for k the associated bilinear form: 

k{vi,V2) = -X1X2 - 2/12/2 + -21^2, 

{vi = {xi,yi,Zi}, i = 1,2). We introduce (resp. £~) the set of 
{x,2/,z} G sZ(2,R) such that z}) > and z > (resp. z < 0). 

The set 8^ (resp. is a cone and is preserved by the Ad-action 

(take a path connecting A G S'L(2,R) to the identity and check that 
the z component of Kd{A).{x,y,z} cannot be zero). For any v ^ 
one can then define 

N{v) = 

Notice that when v,w are in k{v,w) > 0. We also introduce the 
euclidian norm 

\\{x,y,z}\\ =x^ + y^ + z'^, 

which is not Ad-invariant. 

Closely ralated to the group 5^(2, R) is the isomorphic group 
SU{1, 1) of matrices of the form 

a b 
b a 

with a, 6 G C satisfying |ap — |5p = 1. The isomorphism between 
SL{2, R) and SU{1, 1) is given hy At-^ PAP-^ where 

-1 -i 
-1 i 

The Lie algebra su{l, 1) of SU{1, 1) is just the set of matrices 

it V 
v —it 

with t G R and G C- We then denote such a matrix by {t, z/}.The 
associated Ad-invariant quadratic form on SU{1, 1) is then 

qi{t,u})=t''-\i^\''. 
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We now recall some basic facts. 
For any v, w in sZ(2, R) 

q{v)q{w) = k{v, w f + q{[v, w]); (13) 

consequentely the following anti-Cauchy-Schwarz inequality holds for 

v,w G 

k{v,w) > N{v)N{w), 

where equality holds only if v = tw for some t > {if w ^ 0). The 
proof of (13) is just the equality 

{xl+yl+yl){xl+y^+zi) = {xiX2+yiy2+ziZ2f+\yAz\^+\zAxf+\xAyf 
applied with ixk, iyk, Zk in place of Xk,yk,Zk- We can be more precise 
Lemma 5.1 For any v,w in S'^ one has 

. \\vf 

<'^y - <Av)q{w).——. 

q[v) 

Proof 

For t G R, 

q{tv + w) = t^q{v) + 2tK{v, w) + q{w), 
and the discriminant of this polynomial is 

A' = k{v,w)'^ — q{v)q{w). 

Since v, w lie in the cone £~^, q{tv + w) has always two real roots t_ 
such that 

A' 

q{v) 

and where t±v + w lies on (the boundary of S'^)- If {x±,y±, z±) 
are the coordinates of t±v + w we have 



z+ = \/ x'^_^ + yl, = --^x^, + -2 

so that 



z+- z- = ^x\ + yl + x'i + y'i 
But this is the z-coordinate of (t_|_ — t-)v and thus 

< max(2;+, |-2;_|) < Zj^ — z^ < (t+ — f_)||?;||. 
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We then get 

||t±i; + u;|| < 2{t+-t-)\\v\\ 

< 2\/ k{v, wY — <l{v)q{w).- 



Since 

= ||[i±'y + < \\t±v + w\\\\v\\ 

this proves the lemma. 

If we define 

S+ = {{x, y, z), z>{l + SWx^ + y^} 
we have for any v G Sg' 

WvP 2 
< 



□ 



q{v) 6' 
so that for any v,w in Sg' 



\\[v,w]\\ < CsVk{v,w) - q{v)q{w), 

with Cs = (2/5). Notice that S^' is a cone but it is not preserved 
by the yld-action. However, for any M > there exists a 5' > 
(depending on M) such that for any v e Sg' and any A G 5L(2,R) 
the norm of which is bounded by M, Ad{A).v lies in Sgi. 



Lemma 5.2 For any vi, . . . ,Vp in S'g 

1/2 

\[vuv^]\\ < {A/S)[N{vi + - ■ ■Vp)-{N{vi) + - ■ ■ + N{vp))] 

l<i<j<p 



E II II ^ (^(^1 + ---vp)- {N{v,) + ■ ■ ■ + N{vp))\ 

•(E(^(^^) + ii^di) 



Proof 
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We compute 

i=l 1=1 

P \ 1/2 P 



1=1 i=l 
/ P \1/2P 

^i=l l<i<j<P i=l 

/ P / XX 1/2 P 

^1=1 ' l<i<i<p^ ^ ' i=\ 



i<i<j<p 



Ef=i Niv,) + (^(n=i ^(^.))^ + 2 Ei<.<,<p <v,,v,) - ^qivMvj?j 
Since vi , . . . , are in Sg' 



1/2- 



< Cs\Jn{vi,VjY - q{vi)q{vj), 

with Cs = (2/(5) and 

l<i<j<p 



l<i<j<p ^ 

<Cs( Yl <VuVj)-Nivi)Nivj)Y ( Y <Vi,Vj) + N{vi)N{vj)y , 
SO that 

/ \ 1/2 

E II [^^' II ^ ( N{vi + ... + Vp)- {N{vi) + ■■■ + N{vp) 1 

l<i<j<p ^ ^ 

/ P / P X l/2x 1/2 

.(^iVK)+( (E^K))'+2 E <v„v,)-Niv,)Niv,)] j 

^i=l ^ i=l l<i<j<P ^ ' 

1/2 



^l<i<j<p 
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Observe that < n{yi,Vj) < \\vi\\\\vj\\; thus 

/ \ 1/2 

II [vi, Vj] II < Cs \N{v^ + ... + v^)- {N{vi) + ■■■ + N{vp)j 



l<i<j<p 



V / V P \ 1/2n 1/2 

\2 



(E^K))' + (E 



Vi 



i=l i=l 

P P \ 1/2 



p p \ _ 

(Eii^^ii)' + (E^(^^))') 
1=1 1=1 ^ 



which gives the conclusion of the lemma 

□ 

If we use Cauchy-Schwarz inequality we then get the integrated 
version of the previous proposition: 

Proposition 5.1 // 7i(-), . . . , 7p(-) are ma'ps from I = [0, 1] to 
£g~ C s/(2, R) we have 



E l\\Mt)Mm\dt< 

(4/6) ^ iV(7i(0 + • • • + ^pim -pj'^ N{^,{t))d?j 

^(EA^(7^(0) + ll7.WII)'rfi)''' (14) 



l<i<j<p 

y/2 

1/2 

i=l 

A remark on a theorem by P. Thieullen At this point we can 
make the following comment. In the paper [13] P. Thieullen gives a 
nice measurable description of general skew-products on X x SL{2, R) 
(with any dynamics on tlic base) via the notion of conformal barycen- 
ter (cf [4] ) . We intend to give an application of our techniques in this 
context. To simplify the notations we assume the dynamics on the 
base to be an irrational translation but in fact the result described 
in this paragraph are valid for any ergodic dyanamics on the base. 
We still assume that the fibered products of (a, A) are C'^-bounded. 
Consider the set 7i (resp. Tis) of L^-maps from the circle T to the 
cone 6'^ C s^(2,R) (resp. and define the operator U defined on 

Ua{-) = Ad{A{- -a))a{- - a). 
Given an element cr of ?^ we set 



N{a) = [ N{a{t))dt. 
Jt 
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Of course for any k E Z 

N{U''a) = a, (15) 
and since the fibered products of A are assumed to be bounded 

\\U^a\\L2<C.\\a\\L2, (16) 

uniformly in k. For the same reason, given any continuous a E Ti. 
there exists a 6 > such that for all k 

U'^a e Hs- (17) 

For any set / C Z of p consecutive integers we set M{I) = max / and 
we define 

£7(7 = ^ZY*^(7, jC.ia = -^jC.ia. 

kei ' ' 

If /, J are adjacent intervals of Z we clearly have 

Also, 



\\UCi-£i\\li<C\I\ 



-1 



Equality (15) shows that N{Cia) depends only on u and on the size 
|/| of /. By the anti-Minkowsky inequality the sequence an{a) = 
iV(>C{i^ „}(t) is then super-additive and, since inequality (16) holds, 
the limit a{a) of the sequence a„ = ia„((7) exists and is finite. Now 
take a e H any continuous function and take a sequence of positive 
integers increasing fast enough so that 

CXD 

^|a(a) -a„,(a)|^/2 < 00, 
k=i 

where = • • • ri . We define inductively a sequence of intervals Ik 
of length nfe the following way: take for Ii any interval of size ni and 
assume /; has been defined for Z < A;. Then apply proposition 5.1 with 
p = Tk and: 

we get: 



l<i<j<rk 
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But this implies that for at least one index 1 <i <rk 

Yl / \\i^h-i+ink-i'^,^Ik-i+jnk,'^]\\dt<Cs-^[an^{a)-an^^ , 

hence 

and so if we define 

rk 

Ik = -iuk-i + (IJ (j + Uk-ih-i) 

we get 

\\[Ci^_,a,Ci^a]\\dt < Cs(^anki(T) - anfc_i(o-)^ ■ 

This imphes that in the projective space the section so defined 
is invariant. A consequence of the previous comment is 

Proposition 5.2 // (a, A) has bounded fibered products then there 
exists a B : T ^ SL{2, R) which is L°° -bounded and such that 

B{e + ay^A{e)B{e) 

are for a.e 9 rotation matrices. 



6 Definition of 7^, 

6.1 Free monoids, free groups 

Let n be the free monoid M(D(T)) constructed on the double D{T) = 
Tx{— l,l}ofT, that is, the set of words of finite length of the form 
*r ■ ■ ■ ^ 1}, G T (i = 1, . . . ,p). The composition law is 

then concatenation: 

which is an associative composition law; the identity element is the 
empty word we shall denote e. The set {ti, . . . ,tp} is called the sup- 
port of w and we denote it by \w\. Notice that on -D(T) one can 
define an involution: r(t^) = and that r can be extended to 
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M{D{T)) by r(t'^ • ■ • 4") = We introduce the notion 

of elementary reduction: given a word ij; = • • • t'k'i'k+i ' ' ' ^n" "^^ 
define p(itj) = tl^ ■ ■ ■ t'f^'^f/^^^ ' ' ' ^^n' if ^ is the largest integer such 
that ifc = tk+i,ek = — e^+i. The sequence p"'{w) clearly stabilizes and 
we define the reduced word r{w) = lim„_>(X) p^(w). The free group 11 
constructed on T is then the set of words w G M{D{T)) such that 
r{w) = w. The composition law ■W1.W2 = r{wi * W2) makes (11, .) a 
(free) group (the main point here is to check the associativity). Also 
if w is a reduced word we say that it is square free \i w = t'l ■ ■ ■ t^ 
with ti 7^ tj for every 1 < i < j < p. We then say that two reduced 
words wi,W2 are mutually prime if \wi\ H \w2\ = 0. 

Let Zi\Y] the set of polynomials in the variable Y let (Xj^)^^^ be 
a set of formal variables and denote by 7y (resp. 7y) the set of finite 
sums with integer coefficients 

niiY)wi.X'tl + ■■■ + npiY)wpX',, 

with a £ {-1, 1}, Wi eU (resp. Wi G IT), ni{Y) G Z[Y], tj G T (this 
is the set of almost zero maps from 11 x T x {—1, 1} to Z[5^]). We can 
define a map i? : 7y ^ 7y by 

R{n,{Y)w,.Xll +■■■ + np{Y)wp.Xt:) = 

n,{Y)r{wi).Xtl + • • • + nj,{Y)r{wp).Xtr 

The sets Ty and Ty can be given the structure of a Z[5^]-module. We 
denote similarly Ty the set of such sums with coefficients ni{Y) being 
polynomials in Z[Y] with nonnegative integer coefficients (this is only 
a monoid) . There is a natural left action of n on 7y defined by 

p p 
w * iY,ni{Y)wi.X't;) = ^niiY)iw * Wi).X^^. 
i=l i=l 

Observe that for T G T, w G 11 the following relation holds R{w*T) = 
r{w).R{T). Also an action of 11 on Ty is defined by: 

p p 
w.C^ni{Y)wi.Xtl) = Y,ni{Y)k^-'^i)-Xli. 
i=l 1=1 

Given T G Ty of the form Yl^i=i i^iO^)''^i--^ti introduce its positive 
and negative parts r+, 

= j^nf{Y)w,.Xll 

1=1 
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where ni{Y) is decomposed uniquely in ni{Y) = nf{Y) + Yn~{Y) 
where n^{Y) are polynomial wich monomials in Y are of even degrees. 
Similarly we define T, T, 7"+ where the ni{Y) are replaced by 

Ui ez, Ui e z+. 

Assume now we are given elements {Tt)t^rj, of Ty and define the 
map : n — >^ 7y by 

Frit) = Tt (18) 
FY{t-')=Yt-\Tt (19) 

Fviti^ . . . = MtT) + * + ■■■ + (tT ■ ■ ■ G) * Mtn 

(20) 

for all i G T, ii, . . . , tr G T, £ {—1, 1}- For any id G 11 one can 
decompose the polynomial Fyiw) uniquely in 

Fviw) = F+{w) + YFyiw). 

We then have 

Lemma 6.1 For all wi,W2 

i) Fy{wi * W2) = Fy{wi) + wi * Fy{w2) 

ii) Fyiwi *W2) = Fy{wi) + wi * Fy{w2). 

Moreover, if for each t E T, T-t E Ty then Fp are in Ty ■ 
Proof 

The first equality is proven by staightforward calculation and the 
second one by identifying the odd and even parts of the polynomials. 
The last claim is obvious. 

□ 

We define for w G 11 

Fy{w) = RoFy{w), Fp{w) = Ro Fp{w). 

We have 

Lemma 6.2 If wi,W2 

Fy{wi.W2) = Fy{wi) + wi.Fy{w2) mod (1 + Y) 
Fp{w-^) = w-^.F^{w)) mod (1 + Y) 

and if wi , W2 are mutually prime 

Fp{wi.W2) = Fyiwi) + Wi.Fy{w2) 
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Proof 

For the proof of the first equahty just observe that for x G ^(T) 
(x = t^^), R{Fy{x) + X * Fy{t{x))) that is Fy{x) + x.Fy{t{x)) is 
divisible by (1+1"). This implies that Fy{p{w)) = Fy{w) mod (l+Y) 
and hence Fy (r(u;)) = Fy (u;) mod (1 + F). 

For the second equality observe that this is true for words of length 
1 since 

= y^i-i * p-(^t), Fy(t-^) = t-^F+{t) 

and proceed by induction on the length of w (which is reduced): as- 
sume w = wiW2 with lengths of wi and W2 smaller than the length of 
w then 

Fp{{wiW2)-^) = R{F${w^^)+w^^Fy{w^^)) 

= R{{wiW2)-\{{wiW2).Fp{w^^)+wi.Fp{w]:^))) 

= {wiW2y\Ri{wiW2).Fp{w2^) + wi.Fpiw^^)) 

= w~^.R{{wiW2).W2^Fy{w2) + wi.w^'^FYiwi)) mod (1 + Y) 

= w-^.Fp{w) mod(l + y) 

The third one is a consequence of equality ii) of lemma 6.1 and the 
fact that r{wi.W2) = w\.W2 if 1^1,1^2 are mutually prime. 

□ 

As a particular case we choose for {Ttft&i; 

Vt G T, Tt -X^ + YX^, 

which are in 7^. We then define for w & the elements F{w), F^(w) € 
T by making Y = —1: 

F^{w) = F${w)\Y=-l, F{w) = Fy(u;)|y=_i, 

and we get 

F{w) = F+{w) - F-{w). 
Lemma 6.3 Ifw\,W2 G H 

F{wi.W2) = F{wi) + wi.F{w2) 
F^{w-^) =w-\F^{w)) 

and if wi,W2 are mutually prime 

F^{wi.W2) = F^{wi) + wi.F^{w2)- 

Also F'^iw) e T+. 
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6.2 Applications 

Our aim now is to define 7^,?y^- We assume that we are given a 
smooth A -.T ^ S'L(2,R) and a irrational. We denote by 77o(-) 

m{t) = L{A){t) := {dtA{t))A{t)-\ 

and we choose a decomposition of rjo {t) of the form 

rio{t) = ri+{t)-ri^{t), (21) 

where rj^ , r]Q : T ^ £^ are smooth. Such a decomposition always 
exists: it is enough to take for example tJq constant and very large so 
that TfQ — r){t) lies in £s {6 > 0) for any t. 
Denote by tt the map 

n^SL(2,R) 

A(^l)"l•••yl(^^)"'■ 
This is a morphism of group. Also for each t £ T and n > 1 we define 
the words in 11 

w{n,t) = (i + (n - l)a) ■ ■ ■ (t) 

w{0,t) = e 

w{—n, t) = {t — na)~^ ■ ■ ■ (t — a)~^ 

and 

ak{t)=w{{-l)''qk,t) 
Cfe(t) = y;((-l)^-V-i,0 

We have 

7r(afe(t)) = ^W(t), 7r(cfe(t)) = CW(t), 

and also 

akit) = Ck-i{t - akPk-i)ak-iit - akPk-i)~^ ■ ■ ■ ak-i{t - Pk-i)~^ 

(22) 

Cfc(t) = ak-i{t) (23) 

Since a is irrational, each word iv{n^t) is square free and so are 
ak{t),Ck{t). This proves that in the previous inequality (22) the words 
are mutually prime (since the length of ak{t) is = a^qk-i + qk-2 
which is the sum of the lengths in the RHS of equality (22).) 
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As we have seen ifw = fi--- fp is squarefree, F{w) (resp. F^(iy)) 
is a sum of the form 

r 
i=l 

(and in fact wi = e and Wj+i = t'l ■ ■ ■ tf loi p > i > 1). We define 
the element f{w) of s/(2, r) by 

p 

/H = ^Ad(7r(ti;,))-%(*^)- 

i=l 

Similarly F^{w) is a sum of the form 

i 

where mf are nonnegative integers and G {—1, 1}. We define the 
element f^{w) by 

i 

where is defined by (21). Since Tt = — and r]o = rj^ — r]Q 
we have 

f{w) = f+{w)-f-{w). 

It is clear that lemma 6.3 remains true with F replaced with / and 
F^ replaced with 

It is also clear that for every t 

f{ak{t))=rikit), /(cfc(t)) = 7fc(i), 

where 

(more generally L{Tr{w{t))) = f{w{t))). We can now define ?7^(t) and 

ikit) by 

and we have 

Notice that 7^(-)>^fe (0 

are smooth from T to the cone £^ . Since 
lemma 6.3 is true with F^ replaced with and since (22), (23) hold 
and that the factors are mutually prime, we have 
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r?±(t) = Ad(^A(^-i)(i+/3fc_2-afe/3fc_i)-ij .vI.iit+Pk-2-akPk-i)+- ■ ■ 
+ Ad(^A(^-i)(t + /3fc_2 - afc/3fc_i)-i • • • 

+Ad(^A(^-i)(t+/?fc_2-afe/?fc_i)-i • • • A('=-i)(t+/3fe_2-/?fc_i)-^) .7,^_i(0 

(25) 

Assume that 2|(fc — Z); then using obvious notations and lemma 3.1 
^ /mi m2\ / 

that is 

Cfe(t) = Q(t + {mi - l)A-i - |"T'2|A) • • • ci{t - \m2\P1) 
ai{t - \m2\(3i)-^ ■ ■ ■ ai{t - pi)-^ 

ak{t) = ciit + (m4 - l)/3/ - ImalA-i)"^ • • • Q(i + (m4 - 1)A - A-i)"^ 
a{t + (7714 - l)A)---a(t) 

that we shall write 

Ck{t) = q(si) • • • ci{srm)ai{smi+i)'^ ■ ■ ■ aKSmi+|m2|)~^ 
dkit) = ciih)"^ ■ ■ ■ q(t|^3|)~-^a(t|^3|+i) • • • a(i|^3|+^^) 

where Si = t— \m2\P1 + /?/_i(mi — i) if 1 < i < nii and Si = t — (mi + 
|m2| — i + 1)A if mi + 1 < z < mi + |m2| and U = t + (m4 — — 
(Imsl - i + l)A-i if 1 < ^ < l^^al and U = t + {{msl +1714 — i)f3i if 
1^3! < ^ < |?Ti3| + ^4- Consequently 

7±(i) = Ad(i7i).7±(si) + • • • + Ad(i7i • • • Um,).ltM+ 
M{Ui ■ ■ ■ Umi^]).r]f{smiJ^i)+- ■ ■+M{Ui ■ ■ ■ U^^+\^^\).r]f{s^^+\^^\), 

(26) 

ri{t) = Ad{Vi).j^{h) + ■■■ + Ad{Vi ■ ■ ■ Vms).int\ms\)+ 

Ad(Fi • • • "V^msl+O-^f (*|m3|+l)+- ■ •+Ad(Fi • • • ■V^„i3|+m4)-^f (*|m3|+m4)' 

(27) 
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where on the one hand Ui = Id, Ui = C^'^(sj_i) if 2 < z < mi, 
Um,+i = C«(s„J^(0(s„^^,)-i and [7, = if mi + 2 < i < 

mi + \m2\ and on the other hand Vi = C^^\ti)~^ if 1 < « < l^sl; 
Vms+i = Id and Vi = A^^\ti-i) if {msl + 2 < i < [m^l + m4. Also, 

(7it±7fe~)(i) = Ad([/i).(7^±7r)(^i)+- • •+Ad(C/i • • • C/^J.(7,+±7r)(^mi)+ 
Ad(C/i • • • C/„i+i).(r/- ± r/+)(s^i+i)+ 

• • • + Ad([/i • • • ± Vl')iSmi+\m2\)^ (28) 

W = Ad(yi).(7r±7^)(ii)+- • •+Ad(Fi • • • y„3).(7r±7^+)(V3|)+ 

Ad(yi • ■ • Vms+l).{Vi' ± Vr){'t\m3\+l) + 

■■■ + AdiVi ■ ■ ■ Vms+m,).{vt ± Vnit\ms\+m,), (29) 

Formulas (28), (28) where the ± sign is the — sign, just express 
7fc>% in terms of 7^,7?; . 

6.3 Estimates for r]k,'yk,'nk^lk 

Lemma 6.4 There exists 5' > Q depending only on 5 and on supj^.^^ Il^fe(') l|o 
such that for any A; G N, t € T 

4it) e £h 7^(i) e £t'- 

Proof 

Prom the definition of -q^ (t) it is clear that r]^ is a sum of terms 
of the form Ad{Uj).rj^{tj) where Uj is a fibered product of A{-) over 
the rotation x ^ x + a. Since these products arc by assumption 
bounded uniformly and since ri^{tj) is in £g' the remark made just 
after the definition of £s shows that there exists S' > such that each 
Ad{Uj).ri^(tj) is in But this set is convex and the sum has only 
positive coefficients: the proof of the lemma is complete 

□ 

Similarly 
Lemma 6.5 For any k > 

/3fe_imax(||7^||o, ||?7fe ||o, ||7fe||o, \\Vk\\o) < M 

where M is a constant depending only on supj^gz ||^ifc(")llo (and on the 
chosen decomposition rjo = rjg — rjg ) 
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Proof 

Just estimate the (euclidean) norm || • || in formulas (26), (27), (29), 
(28) where I = and use lemma 3.1. 

□ 

In a similar way 

Lemma 6.6 For any k >0 

Pl_imsix{\\djk\\o,\\dr]k\\o) < M' 

where M' is a constant depending only on supj.g2 ||^fc(")llo on the 
C'^-norm of d{r]^) (rjo = rj^ — rjg ) Similarly, 

(3l_,ms^i\\dj^\\o,\\dv^\\o)<M'. 

More generally for any integer r there exists a constant Mr (depending 
on T, supfc£2 l|^fc(")llo o-'nd on \\r}^\\r+i) such that 

lilt\^S.^m^\\rA\drit\\r)<Mr. 

Proof 

Apply proposition 4.1 to formulas (28), (29) where one makes I = 
and use lemma 3.1. The proof of the second statement, as well as the 
one concerning higher order derivatives, is done the same way (use 
proposition 4.1). 

□ 



7 Further estimates 

7.1 Some integrated quantities 

We now introduce some important quantities: 



fife 



/ N{r,^{s))ds, ek= [ N{4 (s) + rj^ {s))ds (30) 

fk = I N{lki'))ds, fk= f N{j+{s)+j-{s))ds (31) 
^fc = ^fe + "fe/fe^' Uk = ek + akfk- (32) 



Also, = fdk^iw^, Uk = Pk-iUk- 
If we define the new variables 
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%{t) = L(C'W)(t), fjkit) = HA^'^t) (34) 

we have 

lk{t) = Pk-i1k{Pk-it) fjk{t) = Pk-iVkiPk-it) 
and we define 

and ^ 

^k = [ N{rikis))ds+ rN{j^{s))ds. 

JQ Jo 

Lemma 7.1 For k > I, 

2M>u^> u^_^ > 

2M >Uk> Uk-i > 
2M>u^> u^_^ > 0. 

Proof 

First notice that the estimations from above by M come from 
lemma 6.5 since N{v) < \\v\\ li v ^ £^ . 

Let us prove the first inequahty: using formulas (26)-(29) and the 
fact that N satisfies the anti-Minkowsky inequality and is preserved 
by the Ad-action we get 

4>{ak + ak)j N{n^_,{s))ds+ [ N{^^_,{s))ds 
Jo Jo 

and since 0^ + 0^ = a'j^\ this proves the first inequality. 
The proof of the second one is similar. 
For the third inequality: 

Niviit)) > Nir]^_^{t + pk-2 - akPk-i) + ■■■ 

+ iV(d(* + f3k-2 - Pk-i) + Nij^_,{t)), 

and consequently 
Niv^it)) > ak-i (^N{fi^_^{ak-i{t - a^) + 1) + • • • 

+ iV(r?f_,(afc_i(t - 1) + 1) + iV(7±_i(afc-it))') ; 
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□ 



thus 

rNij^{t))dt+ f\{fi^{t))dt> 

Jo Jo 
Jo Jo 

/ Nifltii^))ds + •••+/ N{f,^_,{s))ds 

Jl—akOk-i Jl—ak-i 

> / N{^t^{s))ds+ / N{f,'^_^{s))ds 
Jo Jo 

since 1 — akCXk-i = ockock-i- The lemma is proved. 

As a coroUary of the preceding lemma we get 
Corollary 7.1 The following limits exist and satisfy: 

lim u^, = lim ttS -, 

lim U2k = hm U2k-i 
k—*oo k—*oo 

lim = lim ^tf]^- 

A;— >oo fe^oo 

7.2 Estimates for the norm of 7^, r]k 

Assume 2\{k — I). Remembering formulae (26), (27) let us introduce 
the nonnegative numbers 
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l<i<j<\mi 



Ad(C/i • • • Ui)-i^{si),kd{Ur ■ ■ ■ Ujh^is, 



w 



w^'i ±(i) 



l<i<j<|m3| 
mi+l<i<j<mi+|m2| 

E 

|m3|+l<i<j<|m3|+m4 



E 

l<i<mi<j<mi+|m2| 



Ad(Fi • • • V,)^f{t,\ Ad(Fi • • • Vj)^f(tj) 

Ad(C/i • • • Ui)rif{si),kA(JJx ■ ■ ■ Uj)7i{sj) 
Ad{Vi ■ ■ ■ Vi)vf{ti),Ad{V, ■ ■ ■ Vj)r^^{t,) 
Ad{Ui ■ ■ ■ Ui)j^{si),Ad{Ui ■ ■ ■ Uj)ri{sj) 
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E 

I<i<|m3|<j<|m3|+m4 

and similarly referring to formulae (28), (29) 



Ad(yi • • • Vi)^f{U),M{Vi ■ ■ ■ Vj)rj^itj) 



w. 



l<i<j<mi 



W, 



iv) 

7:7 



l<i<j<|m3| 



Ad{Ui---Ui).{j+{si)±^f{si)), 

Ad{U,---Uj).{j+{sj)±ji{tj)) 



E 

mi+l<i<j<mi + \m2\ 



Ad{Ui---Ui).iv+{si)±rif{si)) 
Ad{U,---Uj).{rj+{sj)±vr{tj)) 



E 

\m3\+l<i<j<\m3\+mi 



Ad{V,---Vi).{ri+{U)±vr{ti)), 
Ad{Vi---Vj).iv+itj)±r^f{tj)) 



E 

l<j<mi<j<TOi + |m2| 



Ad{Ui---Ui).{j+{si)±jf{si)), 
Ad{U,---Uj).{r^+{sj)±vr{tj)) 



E 

I<i<|m3|<j<|m3|+m4 



Ad{Vi---Vi).{j+{U)±^f{U)), 
Ad{Vi---Vj).{rj+{tj)±r)r{tj)) 



and similarly the elements W^±^^± (t), . . . , W^^^ (±)(i) of defined by 
the same equalities except that the symbol || • || is removed. We also 
define the quantities w^±^^±, . . . ,W^^^{±) obtained by integrating on 
T with respect to dt the corresponding functions of t. 
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Lemma 7.2 

/3fe_imax(||a7fe||ii(T), Wdmh^T)) < 

Proo/ 

This is a simple consequence of proposition 4.1 applied to formu- 
lae (28), (29) and of lemma 6.6 (we have also used the fact that from 
lemma 3.1 |m4| + \m3\ < 2{(3i-i / (3k-i)) ■ 

□ 

Proposition 7.1 

lim /3^_imax(||57fc||ii(T)), ||Oryfc||ii(x)) = 

fc— >oo 

Proof In view of formulas (26), (27) we get 

4^ > \mx\f^ + \m2\ef 
> kal/^^ + \mi\ef 

and consequentely from lemma 3.1 and the definition of uf we get 
Also from proposition 5.1 and lemmas 6.4, 6.5 

1/2 / \ 3/2 



7 
7=F 
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\^^+w^$^^^+w^;;l^^ < -(^/T_(^^/T+|^2|g±)j .(^2M(mi+|m2|)J 

,^^+«;i?,,,±+^«J^^± < ^(^e±-(|m3|/,^+m4e±)J . (^2M(|m3|+m4)J 
and in view of (28), (29) 

4 / \ / N 3/2 

t«W(+)+^W(+)+^(7)(+) < _l^f^^^rmfi+\m2\ei)j . (^2M(mi+|m2|)J 



1/2 / x 3/2 



^/;(:^)(+)+t«(^)(+)+«;(^(+) < -(^efe-(|m3|//+m4eOj . (2M {\ms\+m4)j 
Using the fact that -^a + Vb < 2\/a+~6 we get 
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± 



and using lemma 3.1 and the definition of Ui, u, 

V ^1 7+,7+ 7+,'? V ,V I \ 7+J7+ 7+)»y rj^ ,r]^ I — 



In the same way 



1/2 



Now a simple calculation shows that (* = 7, 77) 
from which follows, using previous estimates, 



where Vk,i = max('Ufe -ui,u^ - ul - 
In view of lemma 7.2 this implies that 



Taking I = 2[[fc/2]/2] gives the conclusion of the proposition. 



□ 
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8 Convergence of the renormalization 

scheme 



Referring to formulae (27), (29) we set 



7;^(t|„.3|-l),Ad(C«(t|^3|)-l)).7r(t|m3|) 



dt+ 



dt+ 



lT{t\rm\)^r}t{t\mz\+\) 

/ ??f(t|m3|+i)>Ad(^(')(t|^3|+i)).r/f(t|^3|+2) 



dt (35) 



and 



Pk,i = f (7r+7,+)(i|m3|-i)>Ad(C«(i|^3|)-i)).(7r+7z+)(*|m3|) 



dt+ 



L 



(7; +7i^)(i|m3|)>(^;^ )(V3l+i) 



dt+ 



/ (^7;^+??; )(*|m3|+i)'Ad(AW(t|^3|+i)).(r?++r/J(t|„3|+2) dt 

(36) 

where tjmsj-i = t + {niA - 1)A - Wl-i, t^s = t + {m^ - 1)A - A-i, 
im3+i = * + ("i4 - 1)A, *m3+2 = * + ("i4 - 2)A- Clearly 

<<'}(+) +^S(+)+mg(+) 
Since Lebesgue measure is invariant by translation we can also write 



1= [ [7r(*-2A-i),Ad(C«(t-A-i)-'))-7r(*-A-i) 



dt+ 



L 



dt+ 



vHt),Ad{A('\t)U^{t-(3i) 



dt (37) 



and 



Pk,l 



(7z"+7;+)(t-2A-i),Ad(CW(t-A-i)-')).(7r+7i+)(i-A-i) 



/ [(7r+7,+)(t-A-i),(r/,+ + r?r)(t) 
/ livt + Ad(^«(i)).(7?+ + r,r){t - A) 



dt+ 



dt (38) 
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so that these quantities do not depend on k (but we do not remove the 
index k). We shall then define the functions r}.^i{t),r^^{t) : T ^ [0, oo) 
by the same formulae as above but where the integration symbol is 
removed. Finally we introduce the corresponding tilded variables: 



fit) = Pj-iifWj-it), 



and the corresponding 



,^(t-2),Ad(C7«(t-l)-i)).7,^(t-l 



+ 



+ 



77±(t),Ad(^«(i))4^(t-«0 



(39) 



We have 



(7r+7,+)(i-2),Ad(C(')(t-l)-i)).(7r+7,+)(t-l)) 



+ 



+ 



{^t + ^r)W' Ad(^«(i)).(7?+ + - Oil) 



(40) 



rk,l{^)dt = Pi-iPk,i, 



L 



rk,l{t)dt = Pi-iPk,i- 



If for some k the numbers afeja^+i are in the interval ((1/5), (1/4)) 
we have 

0i-i{pk+2,k + Pk+2,k + Pk+2,k) ^ 125i;fe+2,fe 
Having this in mind and the fact that 

j^i^Pk-liW^Vkh^T) + ll^7fe||Li(T)) = 

we introduce the quantity: 

efe = Pk~l (|I^%IIl1(T) + P7fe||Li(T) + Pk+2,k + Pt+2,k + Pk+2,kj ■ 

and the functions / : T — > [0, oo) 

fit) = wdvkim + \\d^km+rk+2,k{t) + 
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and/:[0,/?^_\]^[0,oo) 

m = \\dfjk{t)\\ + \mk{t)\\+fk+2,k{t) + rt2,kii) + ^k+2,kit)- 



We have 



Consequentely there exists an integer < j < [l3i^\] such that 



(i+io) _ 

f{t)dt < 20ek. 



Since a G S we can say that there cxixts an infinite set /C of integers k 
for which the numbers ak, ctfe+i are in ((1/5), (1/4)) and consequentely 
Ck goes to zero as k goes to infinity while staying in /C. We have to 
keep in mind that in all the previous construction a shift parameter 
/U G T was in fact present and that the variables we called 7^, 7^, . . . 
corresponding to A{-) were in fact variables lk,ij,^lk ■ ■ ■ correspond- 
ing to A{- — ji). In other words there exists a sequence ji^ [k G /C) 
such that 



'fc,(UfellLi(-5,5) + ll'97fc,MjlLi(-5,5) + X] II^II^H-5,5) + 

X l|/i^llLi(-5,5) + ll^"lliH-5,5) < 2ejk (41) 

h-eBi 



goes to zero as — > 00, G /C where 

7.^..(i-2),Ad(c£)(i-l)-^)).7,^^^(t-l) 

t..W'Ad(4?(0)-t..(*-«^ 



^k,txk — 



(7.-,, + %+)(* - 2), Ad(c£)(t - l)-^)).(7.:,, + lt,,){t - 1)) 

+ Ad(4? + r,,,,){t - a. 

On the other hand we know that the C*-norms of 7^,^^., 
7fc^/ifc' ^fc^Atfe '"''^ 5] '^^'5 bounded by some constant Mg which does 
not depend on k: the same is hence true for the elements of Bk^^^, 
B^^^ , and so for f^^, . The convexity inequalities imply that 
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Proposition 8.1 

lmmax(|l(97fc,^J|c.«(_5,5), \\9%,i^Jc-(-5,5)) = 

and 

max (||/i||c»(-5,5), ll^^llc''(-5,5)) = 

9 Back to the circle 

Applying the preceding result in case s = 1 and with k large enough 
in /C (but fixed) we can say that for t G (—5, 5) 

and 

C'W(t) = e*^^(°)(7('=)(0)+Ot(2/jk), = e**'^(°)iW(0)+Ot(i/fc), 

where t Otifk) is some small smooth function with C*°-norm on the 
interval (—5, 5) less than some constant times v^. Prom proposition 8.1 
we can then write 

\mi^intm\\ = o{vk) 

Ad(C'W(0)).7,T(0)=7fe^(0) + O(^.,) 
Ad(i«(0)).,7^(0)=,?±(0) + O(^.fe) 

Moreover, by construction 7^(0) and ^^(0) are in and have norms 
bounded away from zero by some constant. Hence the previous in- 
equalities tell us that the matrices C'^'^^(O), ^('^'^(O) are nearly elliptic 
with axis 7j^(0), 7yfc^(0),??^(0) and ??fc^(0) which are thus almost col- 
inear. Since 7jfc(0) = 7^(0) - 7^(0) and ^fc(O) = ^^^(0) - 77^^(0) this 
implies 

[im,nkm = o{uk) 

and 

kd{C^^\Q)).U^)=U^) + 0{uu) 
Ad(C'('^)(0)).%(0)=^,,(0) + O(z.,) 
Ad(i('^)(0)).^fc(0) = 77fc(0) + O(j/fe) 
Ad(i('=)(0)).7fc(0)=7fc(0) + O(i^fc) 

Another consequence is that the directions of 7a;(0) and 77^(0) are 
inside £51 On the other hand we know that (1, C'^'^) (•)) and (afc, Ji^*^' (•)) 
commute so that 



48 



and in view of the preceding formulae this gives 
e«fc7fc(0)-^fc(0) =id + 0{i^k) 

A simple computation (trigonalize the matrix in a complex hermitian 
base) then shows that 0^7^(0) — ^(0) + O(ffe) is an elliptic matrix: 
there exists P a 2 by 2 invertible matrix of bounded norm (indepen- 
dently of k) and an integer r such that 

ak%{0) - %(0) + Oiuk) = P ( P-'. 
We claim: 

Proposition 9.1 Fork € K, large enough, the initial 7?- action {{1, Id), {a, A)) 
is conjugated to a 7?-action {l,Id), {ak-,Uk)) such that 

lim||C/fc(.)- ^.(0110^0=0, 

where r is an integer the absolute value of which is equal to the absolute 
value of the degree ofA{-). 

Proof 

Observe that since %(0),7fe(0) are bounded the same is true for 
rk ■ Now if f^. is small enough and if we normalize the action we obtain 
a perturbation of a system (ak, Erf.{9)) which has to be of degree r^. 
But the degree of an action is, up to the sign, invariant by conjugation. 

□ 

Before concluding this section we give the following inequality 
which will be important in the next section: 

Proposition 9.2 If for all 6 & T L{A{9)) G £$ then the following 
inequality is satisfied: 

27rr > / N{L{A{d)))de. 
Jt 

Proof 

We have 

OfcTfe -fjk = {otklk +%)- («fc7fe + ) 

But the assumption of the proposition implies that we can make the 
choice Jo = = = and consequentely formulae (26), (27) with 
1 = and k even imply 7^ = and Vk ~ ^ that is u'^ = 0. Since 
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|Q!A;7fe(0)~%(0)l converges to 27rr and since is increasing this gives 
the desired conclusion since 



10 Proof of the main theorem: cocy- 
cles homotopic to the identity 



We can now give a proof of our main theorem part A in case the cocycle 
A is homotopic to the identity: For a G S we choose Sq the least order 
of differentiability for which the local theorem applies. Then we renor- 
malize the action. Since = this means that ||f/fc(")~-^'^llc=o < if 
G /C is large enough (this is a consequence of the convexity inequali- 
ties). Now the fibered rotation number of (a^, Uk) is diophantine w.r.t 
Ofc since the rotation number is, the way we have defined it for actions, 
invariant by conjugation. Consequentely the local theorem applies to 
(afe,f/fc) which means that the action generated by {{1, Id), {a, A)) 
and hence the cocycle (a. A) is reducible. 



11 The case of the Schrodinger equa- 
tion: density of positive Lyapunov ex- 
ponents 



Notice that such a cocycle is homotopic to the identity. Reasonning 
by contradiction the same way we did to derive corollary 2.2 from the 
Main Theorem A, we can assume that for some A arbitrarily small 
{a,Av+x) has C°-bounded fibered products and a non zero rotation 
number rational w.r.t a and thus is conjugated to ±Id: there exists a 
smooth map B : T ^ SL{2, R) 




T 



□ 



In that case the initial cocycle A is of the form 





such that (setting F(-) = V{-) + A, A{-) = Av+x{-)) 

±A{e) = B{e + ay^idB{e). 



(42) 
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Notice that the degree of B is then non zero. Then we should have 
(we treat the case it = +) 

a{9 + a)d{9) = b{e + a)c{e). (43) 

d{e + a)c{e) - c{e + a)d{e) = 1 (44) 
On the other hand from (42) 

from which we deduce 

b'{e + a) = d'{e), a'{e + a) =c'{e) 
and consequentely there exixt real numbers e, / such that 

b{e + a) = d{9) + f, a{e + a) = c{e) + /. (45) 
Equalities (43) and (45) imply 

edie) = fc{e) (46) 

and from (44) we get 

e/ = 0. 

If for example e 7^ then / = and equality (46) would imply d{9) = 
and equality (45) gives h{9 + a) = 0. This contradicts de\,B{9) = 1. 
On the other hand if both e and / are zero 

b{9 + a) = d{9), a{9 + a) = c{9). 

Let us now perturb V{-) by some (small) smooth function of the form 
ew{-) (e is small): 



5(. + a)(^(^)+;-(^) '^Bi9r 

= Id + ew{9)B{9 + a) (^J Jj^ B{9)-^ 



w{9)a{9 + a)d{9) -w{9)c{9)a{9 + a) 
w{9)b{9 + a)d{9) -w{9)b{9 + a)c{9) 

w{9)c{9)d{9) -w{9)c{9f 
w{9)d{9f -w{9)d{9)c{9) 



= Id + e 
= Id + e 
Let us introduce 

''d9. 



\= j w{9)c{9)d{9)d9, n = [ w{9)d{9fd9, v= f w{9)c{9f 
Jt Jt Jt 



IT 
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We want to find w G C°°(T, R) such that 

-liv> 0. (47) 

Since the degree of B{-) is non-zero and is the index of 9 ^ {c{6),d{9)), 
the functions c{-),d{-) vanish but not at the same points (since B is 
invertible). Let us denote by x, y points such that c(x) = 0, d{y) = 
(x ^ y). Now if X is a positive smooth function with compact support 
and mass 1, we define, 

w{e) = 5-^x{5-\x - 9)) - 5-^x{5-\y - 0)), 

and we have for 6 small enough 

A 0, /i d{x)^ > 0, -c(y)^ < 0, 

and so (??) is satisfied. 
Let us denote 



¥(9) + ew{9) 1 
-1 



Ai9) : 

we get 

B{9 + a)A,{9)B{9)-^ = {Id + eA) + eF{9), 

where Id+eA is hyperbolic since (47) is satisfied. It is now a standard 

fact from perturbation theory that one can find smooth maps Y^, : 
T 5L(2,R) and constants A„ G SL{2,K) such that 



I + e''Yk{9 + a)^ (^{Id + eA) + eF{9) 

{Id + ^2 ^'^k) + e"+'i^n(^)) (l + iZ ^'^^{0)) , 
k=l ^ ^ fe=i ^ 



with (for example) 

|^-^|<C„(F), \Fn\2<Cn{F). 

The constants Cn{F) which depend on the function F (and its deriva- 
tives) can increase very fast and the above series do not converge in 
general (due to small divisors phenomenon) but this is not our prob- 
lem here. For n fixed {n = 10 for example) and e small enough the 
constant matrix 



k=l 
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is hyperbolic and satisfies some fixed cone condition. Hence the same 
is true for 

n 

k=i 

which is thus hyperbohc. This shows that (a, (Id + eA + eF)) is 
hyperbohc and hence has positive Lyapounov exponent. 

12 Cocycles non-homotopic to the iden- 
tity 

In that section we assume that the initial system we are dealing with 

is non-homotopic to the identity and has degree r G Z — {0} and our 
aim is to prove the following theorem the proof of which occupies the 
whole section. 

Theorem 12.1 Assume a G S, ^ : T ^ SL{2, R) is of degree r and 
assume that the fibered products An{-) (n & Z) along 6 i-^ 6+a are C^- 
bounded; then {a,A{-)) is smoothly conjugated to a system {a,Er{-)) 
where \r\ = deg(^) and 

. . _ /cos(27rr6') - sin(27rr6')\ 
> ~ Vsin(27rr0) cos(27rr^) ) 

With the notation of proposition 9.1 for A; G /C large enough (a, A) 
is conjugated to (a^, Uh) with G CD{'y, a) and 

where |r| is \deg{A)\ and F(-) is of small C"'°-norm. We are then in 
what we can call a local (perturbative) situation: to what extent a 
system C°°-c\ose to Er{-) is conjugated to Er{-) or to any sytsem not 
too diflttcult to understand. Stated this way the problem is still too 
difficult to be solved. Nevertheless, as we shall see, one can obtain 
some useful information. 

12.1 Normal form 

Since S'L(2, R) and S'L'"(1,1) are isomorphic it is indifferent to work 

in either one of these two spaces, but for easier computations we shall 
work with SU (1, 1) representation. In the whole subsection we assume 
that r is a fixed integer, a G CD{^,a) and that A : T ^ SU{1, 1) is 
smooth and close to £',.(•): 

A{e) = Erie)e^^'^\ 
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with F e C°°{T,su{l,l)), 

WWso < eo, 

and where 

/e^--^ \ 

We now want to find some small Z : T — su{l, 1), Z = {y,z} such 
that 

where V{-) is the simplest possible. To do that we solve the linearized 
equation 

Ad{E-r{d))-z{9 + a) + u{e) - z{e) = v{e), 

which amounts to solving the system 

y{e + a)-y{e) = f\i6)-fi0) (48) 
e-''-"-'u{e + a) - uie) = g,{9) - g{e) (49) 

where we have written U = {f,g}, V = {fi,gi}- In turns out that 

• the first equation has a solution if /i(0) = /(O) 

• the second equation has a solution if gi is some trigonometric 
polynomial of the form 



Pr{e) = Yl 

fc=-{2r-l) 

where ko can chosen to be any integer (a convenient choice for 
our purpose is ko = 2r). 

• if this is so, then the corresponding solutions are less regular 
than the initial data: there is a loss of differentiability (for the 
first equation this is the classical loss of derivatives due to small 
divisors). 

More precisely let us introduce the truncature and remainder operator 
up to order N e'N: 

TNU{e) = J2 U{k)e^''^\ RNU{e) = {7(A;)e2"'=^ 

|fc|<Af |fc|>Af 

where U{k) arc the Fourier coefficients of U : T ^ su(l, 1). One can 
then prove the following theorem the proof of which is very similar to 
that of [10], theorem 8.1 and which we shall then omit: 
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Proposition 12.1 Let a be in CD{'j,a), r e N - {0} , N e N. 

Then there exist eo > 0, sq G N, a > such that for any U G 
C°°(R/Z, 8^(1,1)) satisfying, 

N^WmU, < eo, (50) 

there exist functions Z,F e C°^(R/Z, 5-^(1, 1)) such that (h = {1,0} 

gZ(e+a)g27rr6l/jgi7(e)g-Z(e) ^ ^2-Kreh^V2rU{e)+F{e) 

where T-2rU is of the form 



fc=-(2r-l) 

and satisfies the following inequality: 

Vs>o, ||r2^c/|U < c,,^||c/|U. 

Moreover, for any s' > ,s > 0, 

lli^ll. < C,,,||i7||,||f/||oA^" + Cy,,iV-(^'-^-")||f/||,,; 

and, 

\\Z\\s < Cs,rN^U\\s, 

where the constant Cs,r (^nd a are positive. 

Before beginning the proof of theorem 12.1 we prove two lemmas. 

Lemma 12.1 Assume that a G ((1/5,1/4]. There exists a constant 
ei > for which the following holds: If the fibered products of {a, Er{-)e^^ 
are -bounded then (with the notation U = {t, v}) 



[ \i^{e)\de<c\\du\\co, 



provided \\U\\qo < ei (here C is some positive constant independent 
on U). 

Proof 

Let us define 



and assume that for A > one has 

\\deU{e)\\co < Xe. 



N 1/2 



55 



Then 

u{e) = v + 0{Xe). 

Let us introduce 

loi-) = 0, voi-) = 0, r?o+(.) = {deA{-))A{r\ 
AW(-) = A{- - 4a)-^A{- - 3a)-^A{- - 2a)-^A{- - a)-\ 

and 

7i(-)^ = %^(-) 

then for ^ G T 

r]f{9) = Ad(^A{9 - iay^^ .r]^{e - 4a)+ 

Ad(^A{e - 4a)-^A{e - Sa)-^^ .rj^iO - 3a)+ 

k.d(^A{e - 4a)-^A{9 - 3a)-M(0 - 2a)-^^ - 2a)+ 

Kd{^A{e - Aa)-^A{e - 2>a)-^A{e - 2a)-^A{e - a)"^^ - a) 

with A{e) = Er{e)e^^^\ Since the fibered products of {a, A) are 
bounded we get using proposition 9.2 we must have 

27rr> / N{fi^{t))dt+ f ' N{^+{t))dt. (51) 
Jq Jo 

If we define 

m = ri+{e) + Ad(A{e)-'^ .r,+ {e + a), 

we have 

N{vi{0)) > N{(j){e - 4a)) + N{(j){e - 2a)). (52) 
Using the fact that 

L(e^(^)) = aef/(^) + 0(Ae2) 

and 

Ad(e^).^ = h+[U,h] + ^[U, [U, h]] + OsiU), 

we get after some simple computation similar to that of [10] proposi- 
tion 7.1 (but in a su{l, 1) setting), 

(l){9) = {Miie),M2{e)} 
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with 

Mi{e) = 47rr(l + e^) + dea{e) + d0a{9 + a) + 0{Xe^) 
M2{e) = Anirv + 0{Xe) 

and from that 

iV(0(^)) = 47rrVl + (e72) + 5ea(^) + d0a{e + a) + 0{Xe^). 

Using (52) and the previous estimate, integration over T and the fact 
that aai = 1 — 4a gives after some calculation 

/■I rai r) 

/ N{fj^{t))dt+ / N{j+{t))dt = 2Trr + ^€'' + 0{Xe''), 
Jo Jo 5 

and (51) provides us with a contradiction as soon as A is small enough. 

□ 

We also give the following normalization lemma the proof of which 
can be found in [10] Lemma 8.2: 

Lemma 12.2 If U = {t,iy} G C°°(R/Z, stt(l, 1)) satisfies for some 
eo independent of U , 

\\t- [ t{9)d9\\o + M\o<eo, 

then there exists 9i £ R/Z such that, 

with Ui{-) = {ti{-),i'i{-)} satisfying, 

£i(0) = / ti{9)d9 = 0, 

and, 

pill. + \Wi\\s < Cs{\\t - / t{9)d9\\s + lli^lU). 

The key theorem is then the following: 

Theorem 12.2 Let a e R/Z, r G N - {0}. There exists ei > such 
that ifU = {t, v} G C°°(R/Z, su{l, 1)) satisfies, 

i(0) = 0, 

and, 

\W\\c^ < ei, 
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and if {a, Er{-)e'^^'^) has C'^ -bounded fibred-products then: for any s > 
0, 

||A2rf/|U<C,,,.||C/-A2,C/||„ (53) 
where we have defined 



k=-(2r-l) 

(in our case t{0) = 0)- 
Proof 

If A{e) = e2'^''^'»e^(^) we have 

L{A{9)) = 2'Krh + Ad(e2^'''^^).L(e^W) 

„ad(C/(0)) _ TJ 



Now, 



ad(C/((9)) _ TJ 1 

( ^^(^(g)^ )-deU{e) = deu{e) + - ^d{u{e)).deu{e) + qm. 

where Qi{6) = {pi{9) , qi{9)} is a converging sum of terms of degree 
at least 3 in (?7, dell), more precisely for some C > 0, 

y9eT\ \Qii9)\<Ci\Ui9)\^\dgU{9)\). 

We now write, 

deUi9) = {det{9),deH9)}, 

and. 



^[U,deU] = {-lm{ideiy)M),-i{tdeiy + lydet)}. 



Hence, 



L{A{9)) = Ad{e^'''-'''^).(^27rrh + deU+^[U,deU]+Qi{9) 

= {27rr + dot - lm{{d0i^) .i?) +pi{9),deu - i{td0iy + udet) + qi{e)}, 
which implies, 

qiL{A)) = \2Trr+det-lm{{dei^).i?)+pi{9)\'^+\deiy-iitdei^+i^dgt)+qii9)\'^, 
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and consequently, 
qiL{A)) = (27rr)2 + 2{2nr)d0t - 2{2nr)lm{iyd0iy) + idetf+ 

where, 

V0 G t\ < c{\u{e)\^\d0U{9)\ + \u{9)\.\d0U{e)\^). 

As a consequence, 
Ar(L(^)) = (27rr) + - lm{udeu) + ^ (^(Set)^ - \d0i^\''^ + 

Q2{e), 

where Q2i-) satisfies an inequahty similar to the one satisfied by Q2{-)- 
We now integrate this inequality over the circle R/Z {t{0) = 0): 

[ N{L{A(e)))de = 2'Kr - [ Im{ud0i^)d9+ 
Jn/z Jn/z 

+ T-( [ {demfdte- I \dei^{e)\^de]+ [ \Q2ie)\de. 

47rr-VJR/z Jr/z / Jt^ 

If we write the Fourier series expansion i/{0) = Ylkez ^k^'^^^^^i we get, 

/ l^ez^pd^ = (27r)2^|fc|2|z/fc|2, f lm{i)dgi^)d9 = 27r^k\iyk\'^. 
•^T^ feez '^^ kez 

and consequentely, 

/ N{L{A{e)))de > 

-I . 

+ 7 Yl Wk\^\k\{2r-\k\)- lidemfde+ 

^ k=-{2r-l) '^^ 

-3 Yl mi^ki^- f jQ2md9. 

fcez-{o,...-(2r-i)} -^Ti 

The inequality satisfied by Q2{-) can be integrated over R/Z and one 
can prove (see [10] lemma 8.3 for details) that 



/ \Q2{e)\de = o{ei) [ \u{e)\^de, 
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hence 



/ \Q2mde = 0(ei) + |i>fcp). 



feez 

Finally: 



-1 

2 



/ 7V(L(^(^)))de > 27rr + (- - 0(ei)) V 

•"^ fc=-(2r-l) 

- (3 + 0{er))\\de{U - A2rC/)|li2 + O(ei)|i.o|', 
and if t\ is small enough 

-1 



/ 7V(L(^(^)))d0 > 27rr + V \vu\'' 

•^^^ ^'^ fc=-(2r-l) 

4||ae(C/-A2.C/)||i2+0(ei)|i/o|', 



and from 9.2 we get 

-1 

A;=-(2r-l) 

This in turn implies, 

||ae(A2.f/)||g < h^A\de{U - A2,t/)||i2 + O(ei)|j/o|' 
By lemma 12.1 we know that 

< M\deU\\l 

<X{\\de{U-A2rU)\\o+\\d0A2rU\\of 
<Cr\\d0{U-A2rU)\\l + O{ei)\uof 

and hence 

\\A2rU\\L2<Cr\\d{U-A2rU)\\L2 

which clearly is the conclusion of the proposition if one observes that 

\\A2rU\\c^ < {2ry+^\\A2rU\\L2. 



□ 
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12.2 Proof of theorem 12.1 

The proof of theorem 12.1 follows from the iterated use of the following 
proposition (with for example Nn = exp((3/2)"')) the proof of which 
is very similar to Proposition 9.1 of [10]. 

Proposition 12.2 Assume that A{-) is non homotopic to the iden- 
tity and the fiberd products of (a, A) are C^-bounded. Then, there 
exist ei > 0, a > and an integer sq > such that for any U G 
C°°(T^s^(2,R)) satisfying, 

the following is true: there exist Zi,U2 G C°°(T^, su{2)) such that, 

(a,e2-^'^e^(^))Conj(e^i)(a,e2-'-'^^^^(^)), 
and for which the following facts are true: for any s' > s >0, 

\\U2\\s < Cs,rN''\\U\\s\\U\\o + Cs',rN-^''-'-''^\\Uy, 
\\Zl\\s < C.^rN^WUWs. 

The final arguments to conclude can be found in [10] , [9] . 
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13 Appendix 



13.1 Complexification 



We denote by H± the Poincare half-planes: 



H± = {w G C, ±lmw > 0}, 



and endow them with the Poincare metric: 



{wi,W2)z = Re 



WiW2 



The open unit disk D = {z € C, \z\ < 1}, the complement of its 
closure and il± are conformally equivalent and we can then define 
a Poincare metric on each of these spaces. A conformal equivalence 
between D and H_ is given for example by the map from H_ to D 
w 1-^ {w — + w)^'^ with inverse z i{l + z){\ — z)~^ . 

There is a natural action of SL{2, C) on C = C U {oo} namely for 
m G C 



and it thus induces actions for the subgroups 5L(2,R) and SU{1, 1). 
The spaces H± are preserved by the S'L(2, R)-action, the spaces D, 
CU{oo} — D are preserved by the SU{1, l)-action and on these spaces 
the correponding actions preserve the Poincare metric. The converse 
is true: if the action of y G SL{2, C) on C sends the disk D into itself 
then either the unit circle is preserved and V is in SU (1,1) or the 
action of F on D contracts the Poincare metric of D. For any such V 
one can define a function pv{-) ■ t) ^ C such that 



and Pv{t) is continuous and never zero. Since D is simply connected 
one can find a lift (t)v{-) 



metric of the disk there exists a unique fixed point pv G D for the 
action of V. But the SU{1, l)-matrix 





D 



such that e^'f'vi'') 



Pv{t). For such a V contracting the Poincare 
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where 

1 

u= — I, V = —pvu, 

^l-\pv? 

sends pv to 0; therefore since UVU~^ contracts the Poincare metric 
on the disk it is of the form 



uvu- 




with z € D — {0}. We shall denote by Dz the diagonal matrix in the 
preceding formula. Since any such contracts the Poincare metric 
of the disk we have proved that any matrix V contracting the Poincare 
metric of the disk is conjugated to a matrix Z)^, the conjugacy being 
is SU{l,l). 

Given U G SU{1, 1) 

(H^-H^ = i) 

\v uj 

and z G t) — {0} we define Uz = UDz- It is a standard fact that for 
< |z| < 1 the map Dz sends D into itself and Z)"^ sends CU{oo} — D 
into itself while contracting the Poincare metrics. For any r G D the 
complex number Pz(t) = P[/^(r) satisfies 

The function p^(t) is never zero continuous w.r.t r and holomorphic 
in z G D — {0}. Since we shall need it when we deal we rotation 
numbers we give the following lemma: 

Lemma 13.1 For every z G Dq, ti G D and T2 G D 

\Mn)-Mr2)\ < \- 

Proof 

Assume on the contrary that there exist ri G D, r2 G D such that 
the inequality is not satisfied. Then there are two points r^,r| in the 
line segment [t\ , T2] such that 

and {ti,T2} + {ri*,r2*}. If 



Uz{x) = 
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with \u\^ — |f p = 1 this implies that there exists a positive number t 
such that 

VZTi + uz~^ = —t{yzT2 + uz~^), 

that is 

Vz{tI + tT^) = -UZ~^{1 + t), 

and therefore 

|z;||z||ri +tr2*| = \u\\z~^\{l + 1). 
Since \u\ > 0, \v\ < \u\ and \z\ < 1 we get 

l + t< K + irll; 

but at least one of the points T]^,r| is of module less than 1. This is 
a contradiction. 

□ 

A corollary is 

Corollary 13.1 IfVG SL{2,C) preserves or contracts the Poincare 
metric of the disk then for every ri , r2 G D 

\<Pv{n) - <Pvir2)\ < 1. 

Proof 

If V preseves the Poincare metric of the disk it is in SU{1, 1) and 
the conclusion follows from the preceding lemma. 
Otherwise, we know that V is of the form 

V = UD,U-^, U £ SUil,l), 0<|z|<l. 

But for any ri, T2 G D there exist fi, f2 € D such that (i = 1, 2) 

4>v{ri) = <^[/-i(Tj) + 4>uD,{fi), 

and the preceding lemma provides the conclusion of the lemma. 

□ 

The same discussion applies for the action of SL{2, R) on each 
of the Poincare half-planes. Just to set some notations we define for 
A G SL{2, R) and < |z| < 1 the matrix = AC^ where 

with 

eiz) = ^iz + z-'), f(z) = ^^{z-z-'), 
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so that when z = e*^ (/3 G R) Cz is just a real rotation matrix. Notice 
that Cz = P-^DzP where 




is the matrix giving the group isomorphism 

5L(2,R) ^5C/(1,1) 
A ^ PAP-^ 

For < 1^1 < 1, sends H_ into itself and send H_|_ into 
itself while contracting the Poincare metrics. 



13.2 The complex rotation number 

In that section we assume that X is a compact metric space endowed 
with a probability measure /x, that T : X X is a, /x-ergodic home- 
omorphism and that A : X ^ SL(2, r) is continuous. The case we 
are mainly concerned with is X = T, /x is the Haar measure on T and 
T is the minimal translation x x + a. As usual (T, A) is the map 
defined on the product X x S'L(2,R) by {T,A){x,y) = {Tx,A{x)y). 
We define 

which is in SL{2, C) and, in the SU{1, 1) representation, 
Uz{x) = PAz{x)p-^ = U{x).Dz 

with 

For every a; G X, m G H_ (resp. r G D) and < < 1 there exist 
complex numbers 7(2:, x, m) and p{z, x, r)) such that 

Az{x) = j{z,x,m) , Uz{x) Q = p{z,x,t) Q . 

In particular 

zv{x)t + z~^u{x) = p{z, X, t). 

The function p{z,x,t) is well defined on < \z\ < 1, never zero, 
continuous w.r.t {x,t), holomorphic w.r.t z {0 < \z\ < 1); notice also 

that since zp{z) is bounded it admits a extension through z = 0. For 
convenience wc introduce the simply connected open domain Dq which 
is the set of pe'^, < p < 1, 9 e (-tt, tt). 
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13.2.1 Using the hyperbolic structure: the m and r 
functions 

We define the map F^: 

X X D ^ X X D 

(x,r) 1-^ (Tx,Uz{x).t) 

and we shall denote by the same letter the map obtained by replacing 
D with H_ and Uz with A^. This maps acts on the Banach space 
of contnuous sections: to a continuous r(-) : X ^ D one associates 
Tt{x) = Uz{T~^x)t{T~^x). We have seen that for every x ^ X and 
every < |z| < 1 the matrix A[x)Cz contracts the metric induced 
by the Poincare metric on H_ and similarly for each < < 1, 
Uz{x) contracts the Poincare metric on the disk D. An application of 
Picard fixed point theorem to the contracting mapping T (defined on 
the Banach space of continuous sections) shows that for every such z 
there are (unique) continuous sections over T 

m_(z,-) :T^H_, r_(z,-):T^D 

such that for every x ^ X 

Aix)Cz ("^-^,^'"^) =7(.,x,m_(.,x)) (™-(^^'^-)) , (54) 

and 

lJ{x)Dz (^^-(^'^)) =p(z,x,r_(z,x)) (^^-(^^^^)^ . (55) 

It is a classical fact that the functions m-{z, x) and t-{z, x) are holo- 
morphic w.r.t z as long as < |z| < 1 . 

Using Fatou's theorem it then appears that for each x & X and 
almost every /3 G [0, 2-it] the radial limits 

lim m_(re*^, x), lim r_(re*^, x), 

r— >1 r—*l 

exist for (Lebesgue) almost every P and an application of Fubini's 
theorem allows us to claim that for Lebesgue a.e /? there is a set of 
X € X of full Haar measure (depending on f3) such that the preceding 
limits exist. Therefore, passing to the limit shows that for a.a /? equa- 
tions (??),(??) with z = e*^ are still satisfied for //-a.a x E X. We still 
denote by T(e*^,x) the limit of T{re^/^,x) as r ^ 1 whenever it exists. 

Similarly, by considering the inverse maps {A{x)Cz)''^ , {U {x)Dz)~^ 
one defines sections m^{z,x), t+{z,x) such that m+{z,x) G H_|_, 
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T-^-{z,x) E C — D and which satisfy 

(56) 

and 

mT-'^)D.r ("^^^"^) =Piz,.,Mz,x)) (--(^'f-^-)) . (57) 
All the preceding discussion applies to m+, r+. 

13.2.2 The complex rotation number 

We define it for z in the simply connected domain Dq as 

C{z)= Log{p{z,x,T-{z,x)))dn{x). (58) 

Jxex 

Notice that this definition holds for a. a z G (JDq. Also, an application 
of the dominated convergence theorem in (58) with z = re'^ insures 
that for a.a (3 G [0, 27r] 

limC(re*'^) = C(e'^)- 
1 — >i 

For complex z, the Lyapunov exponent of (T, Az) is the limit 

X{T,Az)= lim / \\Az,n{x)\\dfiix), 

which exists and is also equal for /x-a.a x to 

lim P^,n(2:)||- 

n— »±oo 

This is a non negative number. The map z X(T,Az) is u.s.c. and 
therefore, if for zq, A(T, Azq) = then z i— > A(T, Az) is continous at zq. 
The following theorem identifies the real part of ( with the Lyapunov 
exponent: 

Theorem 13.1 For every z G Dq and almost all z G SDq one has 

Re(:{z) = X{a,A{-)Rz). 

Proof 

Equation (??) shows that for every z G ODq (resp. a.e z G 5Do) 
one has for every x E X (resp. /n-a.e x G X) 

\\Uz,n{^) [^^Y^) II = \Pn{z,x,r{z,xm\ (^^^'f^^^) || (59) 
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where 



Pn{z, X, t{z, x)) = p{z, X, t{z, x)) ■ ■ ■ p{z, T'^x, t{z, T'^x)), 

and by Birkhoff's ergodic theorem apphed to the L°°{ijl) function x 
hog{p{z,x,T{z,x))) we get 



n— 1 

ReC(^) = hm - V Log \p{z, T^x, t{z, T^x))\. (60) 

n— >oo n ' 



fe=0 

thus, 



hm - l.og\\U,,n ^(^'^^') ||=ReC(e'^). 



Since for < |z| < 1 the section t(-) is attracting, the hmit in (60) 
is positive for z G Dq and hence for a.e z € 9Do one has ReC(z) > 
(just take the limit r — > 1 in (58) with z = re^^ and apply dominated 
convergence). Hence, 

lim -Log\\Uz^nix) r^^'^A II = lim-Log ||i72,„(x)||, 
n^oo n ' \ I J n 



and we have proved that ReC(2;) = A(T, Uz) for every z G Dq and a.e 
z G dUo. 

The proof of the proposition is complete. 



□ 



13.2.3 The geometric rotation number 

We now intend to give an interpretation of lm.({z) for z G SDq in 
terms of classical rotation number. This requires more assumption on 
the map T and on A. 

NB: Throughout this subsection we assume that T is uniquely ergodic 
and that A : X ^ SL{2, R) is hom,otopic to the identity. 
It is then clear that there exists a continuous lift (p 

(/):DoxXxD^R 

{z,x,t) hh- <t)z{x,T) 

such that 

\p{z,x,t)\' 
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Let us still denote by the map introduced in 13.2.1 and set for 
n > 

Pniz, X, t) = p{z, (x, r)) ■ ■ ■ p{z, F^'''^{x, r)), 

(t>z,n{^,r) = <i)z,n{x,T) H h (t)z,n{Fz~^{^^'^)) 

We still have 

g27ri0^,„(x,r) ^ Pn{z,X,T) 

\pn{z,X,T)\ ' 

and 

Uz,n{x) = Pn{z,X,T) 

We have 

Lemma 13.2 For any n € N, z G Do, n, r2 G D 

|^z,n(n) - ^z,n(T2)| < 1- 

Proof 

Since Uz,n{x) is a product of matrices preserving or contracting 
the Poincare metric on the disk it has the same property and therefore 
corollary 13.1 applies 

□ 

We can now prove 

Theorem 13.2 Assume T is uniquely ergodic and A homotopic to 
the identity. For every z G SDq, x E X , t E T) the following limit 

lim -(pz,nix,T) 
n— >oo n 

exists, does not depend on x and r and is uniform in (x,t) E X xT). 

We call it the geometric rotation number of {T,Az) and denote it by 
Pg{T,Az). Moreover, as a consequence of uniform, convergence, this 
geometric rotation number is continuous w.r.t z G Dq. Also, when 
z G 5Do this number coincide with the usual notion of fibered rotation 
number. 

Proof 

We follow the method in [7]. Let u be some invariant probability 
measure on X x D for the mapping Fz. Since p is uniquely ergodic 
u projects down to p. By Birkhoff ergodic theorem, for a set of full 
i^-measure {x,t) one has the following equality 

^ n—l 

lim - y24>z{Fzix,r)) = h{x,r). 

n— >oo 77, ' 
fe=0 
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By lemma 13.2 if the sum in the preceding equality converges to 
h{xo,To) for some (xo,to) then it converges to the same limit h{xo) 
for any {xq,t), r G D; the set of ,t G X for which h{x) exists is 
invariant by T, h(-) is also T invariant on B: the measure // being 
uniquely ergodic this means that there is a set of full /x-measure B 
such that the preceding equality holds for (x,r) G B X T) and the 
limit is independent of {x,t) e B x t). Hence 

1 "^"^ f 
lim -y2MFzix,r)) = / (j)z{x,T)di^{x,T). 

" J XxT) 

Consequentely, if vi, 1^2 are two invariant measures on X x D for the 
mapping 

/ _<t>z{x,T)dl/i{x,T) = I (t)z{x,T)dV2{x,T). 
JXxD JXxT) 

This in turn implies (cf. Lemme, p. 487 [7]) that 

k=0 

converges uniformly in (x, r) G X x D to the common value C of the 
preceding integrals. 

The other items of the theorem are clear. 

□ 

We can now identify the imaginary part of the complex rotation 
number with the geometric rotation number. 

Theorem 13.3 For any z G Dq (and a.e z e dDo) 

lmaz)=PgiT,A,). 

Proof 

By Birkhoff's ergodic theorem applied to the L°°{l^) function x 1— 
ImLog{p{z,x,T{z,x))) we get 



n — 1 

ImC(z)= lim -y"lmLogp(z,T''x,T(z,T''x)), (61) 



fe=0 

that is 

n-1 



ImC(z)= lim -y2MT''x,T{z,T''x)) 
k=0 

= lim -(l)z,nix,Tz{x)) 

n-*oo n 
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and the conclusion of the theorem follows. 

□ 

13.3 Behavior at the boundary 
13.3.1 Computation of Rew(A) 
For \z\ < 1, m G H_ we have 

(\ / e{z)rn— f (z) \ 

We thus have that Imm < where 

^ ^ e{z)m - f{z) _ 
f{z)m + e{z) 

a simple calculation shows that (we remove the index z to e{z),f{z)): 

^ ^ (|ep + m Imm + (1 + |mn(l/4)(|zp - 

l/m + ep 



and therefore m G H_ if m G H_. 
Moreover for x G X the matrix 



a{x) b{x) 
c{x) d{x) 



A{x) ■ 

is in SL{2, R) and it acts also on H_ and its action on rh is: 



a(x) b(x)\ ( m\ , ^ f m\ 



and we have 

am + b Im m 

^^{— ;) = 1—- TTo- 

cm + a \cm + 

Consequentely 

^wc (7)^.(7) 

with 

7_ = {f{z)m + e{z)){c{x)7h{z) + d{x)) 

and 

Im?fi(z) 



Imm(2;, x) 



\c{x)m{z) + (i(x)P 

(|e(z)p + Imm + (1 + |mp)(l/4)(|z|' 

|c(x)m(z) + d(x)p|/(2;)m + e(2;)P 
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We then get 

Imm{z,x) 1 A r m2 , 1^/ m2 , 1/1 12 1 |-2^1 + l"^P 



Imm |7(z,x)p \ 4 Imm y 

(63) 

We now set for \z\ < 1 

X-i ^ 1+z 

z=^—T, A = z- 

1 + X 1 — z 

so that A G H+. We get after a simple calulation 

I Tm \ 1 2 

\e{z)\' + \fiz)\' = 1 + 16^^^_^(i + o(| Im Ap)) 
and similarly 

l(|.P-H-)=-2ImAl±^. 



Since, 



^(x)C.(^"^-(;'^))=7-(.,x)("^-f^)) (64) 



We thus have 

lmm{z,x) 1 oT \ 1 + I'^P 1 + |m 



Imm |7(z,x)P 
The previous computations show that 



(65) 



Imm_(.,Tx)_ 1 ^_2i^Al±^l±ti^4! + o((I. 



Imm_(z,x) |7(z,x)P \ |l + A^p lmm-{z,x) 



where the constant in O(-) is universal. Now we use the following 
lemma: 

Lemma 13.3 Assume that for any small e > we are given fi- 
measurable functions f^{-) : X [0, 00] such that for fi-a.e x E X 
fe{x) converges pointwise to fo{x). Then 

liminf- / Log(l + e/e(x))d/x(x) > / fo{x)diJ,{x). 

Proof 

This is just an application of Fatou's lemma to the sequence of 
function ^ Log(l + e/e(x)). 
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□ 



It is clear that for each z G Dq the function — m_(z, x) is positively 
bounded from below and thus taking the Log in (66) integrating with 
respect to and the fact that fi is T invariant {z G Dq): 

= / Log{—lm.m-{z,Tx))diJ,{x)— / Log(— Imm_(z, 
Jx Jx 

= -2Rew{X) 



where 



w{X)= / Log(7(A,x))d/x(a;). 
Jx 



Now wc take the limit Im A — > and we get using the previous lemma 
that for a.a Aq (resp a.a zq G SDq): 

li.i,;f(l + (ReA)^)5^>/_(Ao), 

with 

|2 



1+ m_ 2;,x) 

.(A) = / ^dii{x) 

Jx Imm_(z,x) 



The same kind relation holds for m+ but we have to justify it 
(in view of the preceding lemma we have to deal with nonnegative 
functions). First observe that 



m+{x)\ _^ rr-i^\-i fm+{z,T ^x) 
1 



^.(rt)-M"'rM=7+(^,rt 



and setting 

f^iz,x) ("+^^^'^)) = ("^^(f^)) , i(x) = AiT-^xr 
one has 

^Wi/.)^ 1 J-^+(^'^) ^(.,:,) 1 

Thus, the same computations that we have already done apply pro- 
vided we change z m. z~^: if we define as previously 

n = n{x), n = C~^.n, n = A{x)C~^.n 
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we have 



Imn "^^ ' ^' ■|//(z,rx)|2 V 4^' ' ' ' ^ Imn 

(67) 

But a simple computation shows that 

1 ^ , ,2 ^ (|ep + |/p)(l + |m+(z,x)p) + - |z|-^)Imm+(z,x) 

|/m+(2;, x) + ep 

and in view of (62) (with m replaced by n): 

l + |n|2_/ (|e|2 + |/|2) (|z|2-|z|-2)\ l + |m+(z,a;)|2 



Imn V(I^P-kr')(V4) (|ep + |/ny • Imm+(2,x) 

= (l + 0(ImA)i±^^^^ 
Im m+[z,x) 

Since 

y l^og{'y-{z,x))dn{x) = - J Log(7+(z,x))d/x(x) 

(which is a consequence of the fact that matrices Az(-) are of detremi- 
nant 1) we can now proceed as before and obtain (use the T-invariance 
of /x): 

liminf(l + (ReA)2)5^^ > 7+(Ao), 
ImA^O ImA 

with 

/+ A = / — :—dn{x) 

Finally for almost every zq G ^Dq: 

21iminf(l + (ReA)2)5^^ > /(Aq) (68) 
Im A— >o Im A 

with 

w> ^ [ ( l + \m+{zQ,x)\'^ l + \m-{zQ,x)\'^ \ 

/(Ao) = / — r ^ dii{x). (69) 

Jx \ Imm+(2;o,x) Imm_(2;o,x) / 

13.3.2 Computation of dzw(z) 

Let us now compute dzw{z). If we take the derivative of (64) w.r.t z 
we get using the fact that 

dze{z) = -f{z), dzf{z) = --e{z) 
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the equality 

On the other hand we have the fohowing decomposition in the basis 
m-^-{^,x)\ fm-{z,x) 

1 y' I 1 



1 \ _ I + m-{z,x)m-{z,x) fm+{z,x) 



-m-{z,x)J m+^Zjx) — m-{z,x) \ 1 

1 + m_ {z, a;)m+ {z, x) f m_ (z, x] 



m+{z,x) — m-{z,x) \ 1 



and 



l\ _ 1 / m^{z, x) 

Oj ni-^-^Zjx) — m-{z,x) \ 1 

1 / m-{z, x)\ 



m-^-{z,x) — m-{z,x) \ 1 

notice that the last equation is also true with Tx in place of x. 

Using this and (54), (56), we can write equation (70) in the basis 

m+{z,x)\ /m-{z,x) 

1 J' V 1 

and we get, projecting on the second vector of this basis and using the 
fact that the sections m±{z,x) are {T,Az) invariant, the identity 

i . , 1 + m-(z,x)m:(z,x) , , x) 
-7_(2;,x) ^ -+7_(2;,a;)- 



z ' m+{z,x) — m-{z,x) ' 'm+{z,x) — m-{z,x) 

that is, 

i 1 + m-{z,x)m+{z,x) dzm-{z,x) 



z m+{z,x) — m-{z,x) m^{z, x) — m-{z, x) 



dz-f-{z,x) _^ dzm-{z,Tx) 
7_ {z, x) m+ {z, Tx) — 171- {z, Tx) 



75 



Integrating w.r.t x and using the T-invariance of fi we get 

o T / N ^ /" i + m-(z,x)m+(z,x) . , , 
z m+(2:,x) - m-{z,x) 

If we put it)(A) = we get 



hence 



(A + i) 



J=^(A-i)(A + z)5A^(A) (74) 
^(1 + (ReA)2) + 0(lm A)] dxw{>^), (75) 



where 



Jx m-{z,x) - m+{z,x) 



We hence have (after some computations) 

Im9Att'(A) = 

2 f (1 + |m_(2;,x)p) Imm+(z,x) — (1 + |m+(z,x)p)Imm_(2;,x)^ 
Jx |m_(2;, x) - m+(2;, x)|2 

and we observe that the integrand is nonnegative. 
13.3.3 Consequences 

There is a very nice identity (cf. [3], [8]) which is the key point in our 
discussion of the complex rotation number: 



/-4ImJ 



■l + |m+(A,x)p l + |m_(A,x)p 



/ ( 

Jx\ Imm+(A,a;) Imm_(A,x) 
(Rem_(A,a;) — Rem+(A,x))^ + (Imm_(A,x) + Imm+(A, x))^\ ^ 
|m_(A, a;) — m+(A, x)p 

(76) 

Theorem 13.4 If there exists an interval (—6,5) such that for every 
P G {—6,6) one has X{T, A{-)Ri3) = then the fihered products of A{-) 
are bounded and in fact the cocycle {T,A{-)) is -conjugated to a co- 
cycle with values in 50(2, R). Moreover, if X = T, T is an irrational 
translation 9 ^ 9 + a and A{-) homotopic to the identity, (3 can he 
chosen in {—6,6) so that the fihered rotation numher of {a, A{-)Rjj) he 
diophantine w.r.t a. 
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Proof 

We set K = {z = e^^, l3 G {—6, 6)} C 9Do and K the corresponding 
set of A's in the real hne. Notice that the condition imphcs that the 
map z i-^ X(T, A{-)Cz) is continuous on K (the Lyapunov exponent is 
u.s.c). Since A(r, ^j.) is the real part of w{X) for A G Ho,+ this implies 
that the limits limf,_>o w{a + ib) exists and by a classical version of 
Schwarz reflection principle, the function w extends holomorphically 
through the segment (or the arc) K. In particular, it;(-) admits a 
derivative at A = Aq G X which implies: 

Ima,^(A)U=,„ = -^^im^5^ 
which is the identity 

/-4ImJ<0, 

and hence / — 4J = since the integrand is nonegative. The con- 
sequences of this equality are discussed in [3] so we will not repeat 
the argument (which uses Fubini theorem and a generalized Schwarz 
reflection principle). The result is that for ji-a.e x & X the maps 
A — s- m±{\,x) extend holomorhicaly through the line segment K and 
m+(A, x) = fh-{\,x). Now, since is T ergodic, ^-a.e x E X is tran- 
sitive for T which means that the orbit of T'^x (n G N) is dense in X 
and thus we can choose a transitive point xq in X so that m±{z,xo) 
extend holomorphicaly through K. For any x e X there is a sequence 
Xn = T^Xq that converges to x. An application of Montel's theorem 
(normal family argument) shows that one can extract a subsequence 
Xnf. so that in a neighborhood oi zq E K the sequence m±{z, x„^) con- 
verges uniformly to some holomorphic map 'ih±{z, x). Since for ^; in a 
compact set of Dq, linin-,^ m±{z,Xn) = m±{z,x) the map rh±{z,x) 
is a holomorphic extension of m±{z,x) through K. Hence for any 
X G X, m±(z, x) extends to a holomorphic function through K. Since 
±m±{z,x) are invariant for (T, A^) and continuous, we see that for 
z G 9Do m+(z,x) — m-{z,x) is never zero at some point (otherwise 
this quantity will be identically zero w.r.t x and a look at (69) shows 
that it is not possible). Therefore for any z & K, the cocycle {T,Az) 
can be C°-conjugated to some (possibly non constant) cocycle with 
values in 50(2,R). 

The last part of the theorem is a consequence of the fact that 
the rotation number Re(^{z) cannot be constant w.r.t z G ODq since 
otherwise ({■) would be constant w.r.t z in Dq, which is impossible 
with respect to the formula expressing dxw{X) in terms of m±{z,x). 

□ 
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13.4 The case of the discrete Schrodinger equa- 
tion 



When y : X R is continuous and 

A{x) = 



V{x) 1 
-1 

the complexification we have to use is different and we shall define for 
AgH+: 

'v{x)-\ r 

-1 0. 



Notice that the plane rotation matrix Q of angle 7r/2 conjugates Ax{x) 
to A{x) = Aa(x)"^ 



-1 \ _^(V{x) + X 1 

1 V{x)-\) ~^ 



)q-\ 



so that we can work with the matrix Ax{x) instead of Axix). 

For ImA < 0, Ax{x) preserves H_ and Ax{x)^^ preserves H+ 
while contracting the Poincare metric so that we can define similarly 
invariant sections for (T, A(-) namely m±{\^x) with values in H-|-. 
With the notations previously defined one finds: 

Imm_(A,T3;) 1 ImA ^ 



Imm_(A,x) 7(A,x)2 Imm_(A, x) 
and if we introduce n_|_(A, = — l/m+(A,a;) 

Imn+(A,T-M_^(^^^)2(i^I^J--f(A,x)p 



Imn_|_(A,T ^x) ' Imn-|_(A,a:) 

As before one takes the logarithm, integrates w.r.t /x, uses lemma 13.3 
and the following equality (in that order) 

\n+? _ 1 
Im n+ Im m+ 

to get 



with 



4 1iminf 5^>I(Ao), 
Im A-^0+ im A 

/(A)= / \--d,i{x) 

Jx Im (A, X) Im m_ (A, x) 



The computation of dxw{X) is done like previously (with the matrix 
Ax{x)) and we get 

dxw{X) = / — — rdii{x) = -J 

Jx m+{\,x) - m_(A,x) 
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Now it is not difficult to see that I — 



4J is 



I -Urn J 



I ( L_ 

Jx \Im.m+{X,: 



x) Imm_(A,a; 
(Rem_(A,x) — Rem+(A,x))^ + (Imm_(A,x) + Imm+(A,x))^ 
|m_(A, x) — m+(A, a;)p 

The rest of the proof is then the same as in the previous section 
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